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1 Introduction and motivation

In many investment scenarios the return is (relatively) certain, but the investor is
uncertain about the cost (or the effort) required to obtain the return. For example,
the United Kingdom has committed itself to purchase up to 300 million doses of a
malaria vaccine, if any company can invent it (Surowiecki 2004). Given that there is a
limited market for these types of vaccines, it is then the case that the return to a firm
from developing the vaccine is more or less known - but it is the cost of developing the
new drug that is uncertain.! Similar situation exist in construction. The size of an oil
reserve may be known to a mining company, but the cost of extracting it may not be;
likewise, the benefits of a new bridge or dam may be obvious, but the funds required to

design and build such a project could be difficult to accurately predict. An individual,

*Preliminary draft. Comments are welcome.

tUniversity of Sydney, v.smirnov@econ.usyd.edu.au

IThis practice, advocated by Kremer (2001), involves a government agency, or an international
body such as the World Bank, committing to provide a return for the development of drugs of major
benefit in developing countries.



also, may know the benefits of achieving some person accomplishment (education,
being able to play a musical instrument, etc) but there could be uncertainty about
the effort cost required.

Inspired by the examples above, we investigate the following problem. If a mo-
nopolist makes a new discovery (for example a vaccine) there is a certain benefit.
However, the costs of making the discovery are not known with certainty; only the
possible distribution is known. In the first period a monopolist must decide how
much to invest. If the amount equals or exceeds the required amount the discovery is
realized. If this amount of resources is less than required amount the invention is not
realized and the game proceeds to the next period. In this case the firm has learned
something about the costs required, and can decide how much to invest in the next
period, and so on. Also, costs expended by the firm accumulate over the periods (so
that once the total costs expended exceed the cut-off, the discovery is realized). Fi-
nally, the benefits of the project only accumulate once the discovery is made (in other
words when the project is finished). The essential tradeoff facing the firm is: incurring
unnecessarily costs of investment by overshooting the amount required to complete
the project; and incurring costs of delay by investing too little and undershooting the
amount required to complete the project. Given we have a closed-form solution to this
problem, we can analyze how investment and the probability of success changes with
various aspects to the problem. For example, we examine how investment is altered
by changes in the return and the distribution. This is a natural framework to
describe staged financing. For example, construction of the Opera House
in Sydney was done in 4 stages.

Grossman and Shapiro (1986) study a similar scenario in their investigation of
R&D programs. In a project with a given benefit but where the progress required for
its completion is unknown, they find that there is a positive relationship between the
rate of investment and the expected value of the project.

Given our different approach, our model provides a complement to the work of
Grossman and Shapiro (1986). In their model, time is continuous. Here, time is

discrete. This reflects that many investment decisions are lumpy and cannot be ad-



justed continuously. For example, a board of directors may need to decide on the
funding of a research laboratory’s funding for the coming year of investment. Simi-
larly, funding of a public project is typically provided in tranches. Second, Grossman
and Shapiro (1986) consider projects with convex costs, while we focus on a uniform
distribution of costs. Finally, note, while there are several similarities (investment
costs are sunk and irreversible, for example) the approach we take here is distinct
from the framework of Dixit and Pindyck (1995) who investigated the scenario in
which there is an incentive to wait before investing as some uncertainty is resolved by
waiting. A crucial distinction is that in our model it is only by the act of investing
that the monopolist can update her information regarding the costs of the project.
For an excellent review of literature under uncertainty see Pindyck (1991).
Roberts and Weitzman (1981) get properties of a more general model

but they did not derive a closed form solution.

2 Model specification

Let us consider the following investment model in discrete time. An agent has an
option to finance a project with a known return R > 0, but unknown costs ¢. The
costs are assumed to be distributed uniformly on [0, z]?, where z is given. It means
that if 0 < I < z is invested then the project is either finished immediately (with
probability I/z) or with probability 1 —I/x the investment will continue next period.
The costs in the next period will be distributed uniformly on [0, y], where y := = — I.
We assume that the agent is risk-neutral: he maximizes an expected discounted sum
of net returns, where 0 is a discount factor.
This investment game can be described by the following Bellman equation

V(z) = max{—I+ RI/x+ (1 —1/x)V(y)}. (1)

0<I<z

2We focus our attention on uniform distribution because this represents a situation when the
maximal value of the costs is known and all positive values of the costs below the maximal one are
equally possible.



The first term in this equation is the costs of investment incurred by the agent.
The second term is the expected value of finishing the project after the first period.
The last term is the expected value of project continuation.

In terms of y = & — I the problem is

V(z) = max {(R —x)(x —y)/z + 0yV(y)/x}. (2)

0<y<z

3 Solving the model

Note, z,y, V, R are of the same unit measure. For convenience, we make the following
substitution

r:=xz/R, y:=y/R, V:=V/R, R:=1; (3)

to work with unit free variables. Equation 2 transforms to

V(z) = max{(1 —y/x)(1 —x) + dyV(y)/z} =: BV (x). (4)

0<y<1

It makes sense to expect the value of the project to be non-negative and not greater
than one. In addition, when the costs are zero the value of the project is equal to

one.

Assumption 1. V(z) satisfies the following conditions 0 < V(x) < 1V z and
V(0)=1.

Therefore, we will look for a solution of equation 4 in the class of continuous
functions defined on R, with upperbound 1. As usual, the natural ordering and

uniform metrics are assumed.

Result 1. When § = 1, function V(z) = (1 — x/2)* is the unique solution of

problem 4. The optimal strategy is Y (zx)=z V x>0.

Proof: Substitute V(m) into equation 4 and confirm that it is satisfied. Note that

Assumption 1 is satisfied, which makes the solution unique. [



From economic context the solution of equation 4 increases in ¢ and consequently,
V <V V §< 1. Further, it is convenient to introduce function ¥(z) := zV (),
and then equation 4 becomes

U(z) = max {(1 —z)(z —y) + 0¥ (y)} = BY(x). (5)

0<y<z
The following Lemma follows from the contraction mapping theorem.

Lemma 1. When § < 1 the operator on the right side of equation 5 is a contraction
operator. Therefore, equation 5 has a unique solution, that can be obtained as a limit

of the following increasing with k sequence

Uo=0 , U,:=BY_, k=12 0O (6)

Let us specify the necessary condition for optimal value y = Y (x) to be an internal
point in [0, z]. Denote the expression under maximization in equation 5 as A(y), then

the necessary condition is
Ay)=—-(1-x)+6¥(y) =0. (7)

3.1 Construction of sequence VY,

Note that construction of sequence {¥U*} with the help of Lemma 1 is equivalent to
using the backward induction argument. Let us start from the end of the investment
process. Specifically, what will be the value of the game, if the agent is allowed to
invest only once. In that case the agent’s objective function is linear in investment
and he either invests whole x in one period or does not invest at all.
(1—2)x if z<u,
Uy () = max {(1 —z)(x —y)} =

Osy<e 0 if x> wu,



v,

Figure 1: Value function V;(z)

where u; = 1 is the positive root of polynomial (1 — z)x. Note that the project is

started only if it has a positive value. The optimal strategy is

0 if x<wuy,
Yi(z) =

r if x> wu.
The value function is

11—z if = <w,
Vi(z) = ¥i(z)/z =
0 if > u.
The value function in the case when the agent can only invest once is plotted in
Figure 1. Note that it does not depend on ¢ because the project is finished without
any delay.
Now let us find the value of the project if the agent is allowed to invest at most

twice. This means that for some values of x the agent’s optimal strategy is to invest



twice, for some other values is to invest once, and finally for the remainder of values

he will not invest at all.

Uy(z) = max {(1 —z)(z —y) + W1 (y)}. (8)

0<y<wz
Let us show that if Wo(z) # Wy(x) then ¥y(y) = (1 — y)y, i.e the value of the two-
period game is different from the value of one-period game only if the agent finds it
optimal to invest twice.

If the optimal value y = Y5(z) > u; (which is possible only when > ;) function
Uy(z) has the same right side as function ¥y(z), which means Vy(z) = U (z) = 0.
Consequently, in the case when functions are different the optimal value y = Ys(z) <
Uy, l1.e.

Uy(z) > Uy(z) = 0<Yse(z)<uy. (9)

Thus in the case when the value of the two-period game is different from the value of

one-period game, ¥, (y) = (1 — y)y and equation 8 becomes

Uy(z) = max {(1 —z)(z —y) + dy(1 —y)}. (10)

0<y<z

From condition 7 it follows

Al(y) = -1 —=z)+0(1—2y) =0.

Consequently,
r—(1-19)
= 11
y % (11)
Substitute y into equation 10 to get
—1-H1-2)?+i1—-2)+2 if o < us,
qu(x) _ ( 45) ( ) 2( ) 4 2 (12)
0 if x> uo;
where uy = (i;@; is the positive root of polynomial in (12). The solution of two-



period game is described by (12) only when in (11) y > 0, otherwise the project is
financed in one period and Wy(z) = Wy (z). Let us find x4, the point where there is a

change in regime. Equating in (11) y = 0 results in x; = 1 — 4. Consequently,

\Ijl(m) if xr < T,
Uplz) =4 —(1-L) Q-2 +i1-2)+¢ if 21 <z <un, (13)
0 if T > Ug.

The optimal strategy is

0 if r < T,
Yso(z) = %{5_5) if x <z <ug, (14)
x if x> Us.
The value function is
%(:L‘) if T <X,
Vo(x) = Uy(z) /2 = %(— (1—%) (1—x)2+%(1—x)+§) if z1 << us,
0 if T > Ug.

(15)

The value function in the case when the agent can invest not more than twice is
plotted in Figure 2.

Note that V 0 < § < 1 Va(x1) = § > 0, which means that the value function
always has at least 2 steps. ?

Now let us find the value of the game if the agent is allowed to invest not more
than k times. This means that for some values of x the agent’s optimal strategy is to
invest k times, for some other values is to invest k£ — 1 times, etc.

Note that both Wy(x) and Wy (z) are functions in the following form:

3Result 2 describes how many steps the value function has in a general case.



Vl(x) and V2(x)

0 X1 Ul u2

Figure 2: Va(x) and Vi(z), 6 = 0.4

Uy q(x) if T < Tp-1,
Up(z) = =21 -2 +b(l—2)+c, if z1 <z <uy, (16)
0 if T > ug.
From above we have
1 1 )
CL1:2, b1:1, 01:0; a2:2—%, bgzé, 0221.

The transition in general can be described by the following equation

Ui(z) = max {(1 —z)(z —y) + 6¥_1(y)} =: BY,_1(y), (17)

0<y<z

where function Wy_; in (17) is given by (16). The next function Wy, is equal to BWj_;.



Let us find ay, b, and ¢ for any k. From condition (7) it follows *

1—z=0W_(y) = dlar—1(1 —y) — be—r]- (18)
Therefore,
(CLk_l — bk_1)5 +xr—1
= ) 19
(@) 1) (19)
Substitute (16) into (17) to get
Ar—1 2

U(@) = (1=a)@w—y) +0 (220 -y +ba(l-y) +a).  (20)

Substitute (19) into (20) and use (16) to derive
ap =2 — ! b _ B k=0 |Cp—1 + bics (21)

k— 5ak717 k — ak,1’ k — k—1 20/]9,1 .

This system of difference equations has the following solution derived in the Appendix.

_sin(k+1)p ~ vFlsing v lsin(k— 1)

Y

ay , k>2, (22)

vsin ke sin k¢ 2sinkp

where v = /0 and ¢ = arccosv.
To find the point where regime changes from ¥ _; to Wy, we iterate equation (19)
where y = xp_1 and x = x. It gives the following difference equation

T — 1= ak,15($k,1 - 1) + bk,15, (23)

with the initial condition x1 = 1 — §. This difference equations has the following

solution derived in the Appendix

zp =1 —vF coske. (24)

4We apply a similar argument to above that ¥, > U,_; only when x,_o < y < up_1. When
Yy S Tp—2 \I/k = \I/k,1 = \I/kfg, while when y 2 Uk —1 \I/k = \I/k,1 =0.

10



Vs(x), Vz(x) and Vl(x)
1

Figure 3: V5(x), Vo(x) and Vi(x), 6 = 0.8
To find uy, the minimal value where ¥, = 0 we equate

— S0 =)+ bl = w) + o =0 (25)

and derive °

v*(sin kg — sin )

= sin (k4 1)¢

(26)

Thus V() is described by (16) with coefficients given by (22) and points of regime
change given by (24) and (26). The value function of the game when the agent is
allowed to invest not more than k times is Vi(z) = Uy(x)/x. The value function in

the case when the agent can invest not more than 3 times is plotted in Figure 3.

®See the Appendix.
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V(x)

1

Figure 4: V(x), 6 = 0.8

3.2 Construction of value function V(x)

Now let us address the question of what is the minimum & that V(z) = Vi (z); denote
this value by K. To answer this question observe that 6

v* Vsin (k4 1)psinke  v*ay,sin® ko

U (zg) = 5 5 ,

(27)

which suggests that Wi (zy) is non-negative if and only if a; is non-negative. Conse-
quently,
K =max{k| ap(6)>0}+1 5 €(0,1). (28)

Let us define point & to be the root of the following equation *

5k . ak,1(§) =0 k= 3,4, (29)

SFor details see the Appendix.
"Note that indexes are designed in such a way that for § > §;, number of zones is at least k.
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Result 2. For any natural number k, equation 29 has the following unique solution

5k:coszg k=3,4,... (30)

Proof: The proof is given in the Appendix. [J

Thus for any & we can first find K using result 2. Then we can construct the value
function V' (z) = Vz(z) and the optimal strategy Y (z) = Yz (z).

Let us illustrate the algorithm of finding the solution in the case when § = 0.8.
Using result 2 we can find that §s < 0.8 < &7, which means K = 6 and V(z) = Vs(z).
The value function when 6 = 0.8 is plotted in Figure 4.

4 Appendix

4.1 Derivation of a;, b, and ¢;

Using
1 b1 by
—9_ b, = =6 e 21
ag Sy T ay Ck [Ck 1+ Yar s (21)
let us show that
- k=1 2%—1 _
ak:sm(k;—i—l)gp7 bk:v ~sing Ck:v 81r.1(k 1)<p7 K> (22)
vsin kg sin ko 2sin ko
where v = /8 and ¢ = arccosv.
Define .
Po=v"]a; k=12... (31)
j=1
Using (21) we get the following second-order difference equation
1
Pk+1:UPk(2—5—):2UPk—Pk_1 ]{?22 (32)
Qg

The initial conditions are Py = 1 and P; := 2v. The characteristic equation

13



2% — 20z 4+ 1 = 0 has two complex roots
21 =V 418, 2o =0 —1i8, s:=v1—-v2>0. (33)

Denote ¢ := {argz; € [0,7/2]} = arccosv, then 215 = e*. Further, write

solutions to equation (32) in form P, = Az{*" — Bz5™' and use initial conditions to

get A= B = —QSiiw. Consequently
Pp— L (eilhtDe _ mithpy _ sin [(k + 1)¢] (34)
2sin sin ¢
Apply (31) and (21) to get
P, in(k-+1
a — L _ SlIl(‘ + )@7 (35)
vP,_4 vsin kg
b k=1
b = D1 v . smgp) (36)
ap_1 sin kg
b2 v?*Lsin (k — 1)
—5len k=l | —— . 37
* {Ck vt 2ak1} 2sin kyp (37)
4.2 Derivation of
Using
T — 1= ak_lé(xk_l - 1) + bk_157 (23)
and the initial condition x1 =1 — 6 let us show that
z =1 — " cos k. (24)
Substitute (22) into (23) to get
(zr — 1) sin (k — 1) = v(zp_y — 1) sin ki + 0¥ sin . (38)

14



Substitute the following equality

sinp = sinkpcos (k — 1) — coskpsin (k — 1)¢

into (38) to get

(zr — 1+ 0¥ coskyp)sin (k — 1)p = (z_y — 1 + 0" cos (k — 1)p)vsin ke.

(40)

It is easy to see that (24) is the solution to (40) that satisfies the initial condition

1'1:1—(5

4.3 Derivation of wuy

Using
Qg 2
—5(1 — uk) —+ bk(l — Uk) +c, =0
let us show that
v*(sin ky — sin @)
sin (k4 1)

U =

Substitute (22) into (25) to get
—(1 —ug)?sin (k + 1) + 2(1 — ug)v" sin ¢ + v** sin (k — 1)¢p.
Solving this quadratic equation results in (26).

4.4 Derivation of formula (27)
Substitute (24) into (16) to get

ng,1

~ 2sin ko

Substitute the following equality

sin (k4 1)p = sin (k — 1) + 2sin ¢ cos kg

15

(—sin (k + 1) cos® kg + 2sin ¢ cos kp + sin (k — 1)¢p).

(25)

(26)

(41)



into (42) to get formula (27).

4.5 Proof of Proposition 4

Equation (29) (which defines d) is equivalent to condition P(k—1) = 0 (P is defined
in (31)). Apply (34) to get
or ko = nr, (44)

where n > 1 is some natural number which in general can depend on k, i.e. n = ny.
Let us prove by induction that ny = 1V k. It is easy to see that for k = 1 the
statement is correct. Substitute &’ := k + 1 in (44) to get (using assumption that

ng = 1 and the fact that o) = arccos/dy is monotonically decreasing in k)

k+1

N1 = (k4 Vg1 < (k4 1)pp = T < 2m.

Given that ng, is a natural number, it has to be the case that n;.; = 1. Substitute

n =1 1in (44) to get ¢ = 7/k, which means (30) is proved. [J
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