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Chapter 1

Exercises

1.1 Functions I

1. Find the natural domains of the functions defined by:

(i) f(x):m (i) f(l’):éeriz
(i) J(0) = 5 (iv) fla)=VIz—7
(v) g(x)=V2z -7 (vi) f(z)=1\1—V4—2a?

Find the ranges in parts (iv) and (v).

2. In each of the following find an explicit formula for the composite functions f(g(z))
and g(f(x)). Also find the natural domain of each composite function.

i) flx —3$+2andg():—4x—6
—andg() 2 —1

( )

( (z) =

(i) f(x) = x/:leand g(x) = a?
( (z) =

(

-1
1 and g(z) = Vo +1

v) f(x) =% — L and g(x) = o]

3. Differentiate the following expressions.

(e)\/E (f) % () SL’Q:C—l (h)é_{_\/}
(ii) (2) (@ —4) (@ +3)  (b) 2’sinz (¢) a* tanz

(d) e*(z +3) () 222 () ==

wrcan witmno g e

U s
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CHAPTER 1. EXERCISES

Find dy/dx, when y = 24z + 32° — 2°. Prove that y has a maximum value of
80 when z = 4. When x = —5, y again has a value of 80. Explain this.

Write down the gradient of the function 4x* + 27/z. Hence find the value of x
for which the function is a maximum or a minimum. Which is it?

Find the equations of the tangent and normal to the curve y = 222 — 4z +5 at
(3,11).

Prove that the curves y = 2%, 6y = 7 — 2® intersect at right angles at the point
(1,1).

It is found that the cost of running a steamer a certain definite distance, at an
average speed of V' knots, is proportional to

V +V?/100 + 300/V,

the first two terms representing the cost of power and the third term the costs,
such as wages, which are directly proportional to the time occupied. What is
the most economical speed?

Soreau’s formulae for the supporting thrust V' and the horizontal thrust H of
the air on a plane surface making a small angle o with the direction of motion
are

H = kv*(ac® +b),
V = kvia,

where v is the velocity of the plane and k, a and b are constants. For what
value of « is the ratio H/V a minimum?
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1.2 Functions I1

1. Use the chain rule to find @ in the following cases.

dx
(i) y = cos(sinz) (i) y = sin(cosx) (iii) y = (sinx)® — (cosx)?
(iv) y=2’sin - (v) y= NoE (vi) y=+/z++Vz

(vii) y = tanz® + tan’ x

d
2. Given the equations below, find d—y at the indicated points using implicit differenti-
x

ation.
(i) 2°+y® =6zy at (3,3). (ii) y* =22 —=x)at (1,1).
(4ii) x5 +ys =4 at (—3v/3,1). (i) 2%y +ay=2at (1,1).

3. The height of an isosceles triangle of constant base 10 cm is increasing at the rate

of 0.2 cm/sec. How fast is the area increasing? How fast is the perimeter increasing
when h = 10 ¢cm?

4. A hemispherical tank of radius r metres is filled to the brim with water. As the water
evaporates, the volume of water decreases. When the water depth is h metres, the
volume of water in the tank is given by

1
V= §7rh2(37“ —h).

For a tank of radius 3 metres, find the rate of change of volume when the height is 2
metres and dropping at the rate of 1 centimetre per hour.

5. The volume of a sphere is decreasing at the rate of 6 cm®/sec. When the radius is 10
cm, how fast is the surface area decreasing?

6. Find the Cartesian equations (equations involving = and y only) corresponding to
these parametric equations, and identify the type of curve.
i) x=6t—1 y=2-—t
i) w=>5 y=t"+1t

(
(
(i) v =2—cosf, y=4—sinb
(iv) x=2cost, y=16sint

(

v) x=2-—6cost, y=1+3sint

7. Find parametric equations for the following curves. Give the corresponding values of
the parameter.
(i)  The cubic y = (z — 1)*
(#i) The “sideways” parabola z = 12
(#i) The circle with centre (1,3) and radius 2
(iv) The ellipse 16(z — 1)* +9(y — 3)* =1
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1.3 Trigonometric Identities

1.

2.

7 9
(i) Ifsinz = %% and cosx < 0, cosy = Yol and siny > 0, find

sin(z +y), sin(z — y), cos(x + y), cos(x — y), tan(z + y) and tan(x — y).

V5 . . 3v/10

(i) Ifcosx:—T and sinz < 0, siny = — 0

sin(x + y), sin(x — y), cos(x + y), cos(x — y), tan(zx + y) and tan(x — y).

and cosy > 0, find

Express the following in terms of the argument indicated in parentheses.
) sindz; (27) (i) cos6z; (3x)
i) tan 10z; (5x) i) 1+ cos2z; (x)
v) 1—cos2zx; (x) vi) sin T <£>

2’ \4
it) cos = <£)
27 \4

(i

(4 (i

( (

( (

(iz) 2cos?3z —1; (6x) (z) cos® 2z — sin® 27; (47)
( (

( (

( (

viii) (sinx + cos)?; (2x)

zi) 2 — 2sin’ %; (g) zii) 1 — cosz; (g)
ziii) (sina — cos x)?; (27) ziv) 2sin 3z cos 3x; (6x)

) sin®z; (2z) i) cos® x; (2z)

12
(i) Ifsinz = IR find sin 2z and cos 2z, when 0 < z < g
g . . . (T Ty . 7

(ii) Find the possible values of sin (§> and cos (§> if cosx = %
1 1

(ii1) Find tan(z + y) if tanx = 5 and tany = 3

What are the possible values of (z+y), given that 0 < x < 27 and 0 < y < 277

(Hint: use the graph of the tan function to help you here.)

(i) Find tan 2z if

(a) tanz = = (b) tanx =1

2
Explain your answer to part (b).

)
(v)  What are the possible values of tan (g) if tanz = E?

(vi) Find sin3x if sinx =

%IH"’;I'_‘

(vii) Find cos 3z if cosx =

1 1
(vig)) If 0 <o < 5, 0 <y <7, tanx—?andtany—g,showthatx—i-Zy—

»M:}

(Hint: use the graph of the tan function to help you here. You could also mo
accurately pinpoint the intervals in which z and y must lie.)

=

e
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x
4. Using the substitution ¢ = tan (5), write the following expressions in terms of ¢.

(4)

(i)
D)
(iv)

2sinx — cosx
sinx + 1
3—sinx

2sinx + cosx

14+ sinx +cosx

1+ tanz
secx

1+sinzx

5. Find positive r and an appropriate « (in radians) such that each expression is rewrit-
ten as a sine function rsin(t + «).

i) sint — cost
i) 2sint + cost
) sint+v/2cost

(
(
(#ii) 2sint — 3cost
(
(v) asint+ bcost
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1.4 Mathematical Induction

1. Prove the following proposition:
143+5+-+(2n—1)=n?
where n is a positive integer.
2. Prove by induction that for all n > 1,
() 14243+...+n= %n(n—i—l)

n(n+1)(n+2)
3

(ii)) 1x242x34+3x4+4+...+n(n+1)=

nn+1)2n+1)
6

(id) 1> +2°4+3*+...+n’=

(iv) > (2r—1)

r=1

o n(2n—1)2n+1)
N 3

3. Prove that 2™ < n! for all n > 4. The notation n! means
nl=n(n—-1)(n—2)(n—3)......3.2.1,
4. Prove, by induction, that for all positive integers n,
= 1
. 3 P 2 1 2
(7) TZ:;T " (n+1)
(ii) 2" >n+1.

5. Prove that if @ and d are any constants, then for all n > 1,
a+(a+d) +(a+2d)+-+ (a+ (n—1)d) = g(Qa—l—(n—l)d)

6. Suppose you have n lines in a plane, arranged so that no three of the lines are
concurrent, and no two of the lines are parallel. Show that, for n > 1, n such lines

1
divide the plane into §(n2 + n + 2) regions.

7. If f(n) = 5"—2", where n is a positive integer, write down the values of f(1), f(2), f(3), f(4).
Do all these numbers have a common factor? What general property of the number
5" — 2™ is suggested by these results? Try to prove by induction that the suggested
result is true for all positive integers n.

8. Prove that 2" > n? for all n > 5.



1.5. POLYNOMIALS AND RATIONAL FUNCTIONS 7

1.5 Polynomials and rational functions

1. Find the quotient and remainder when:
(i) 2% is divided by  — 2
(ii) 2* —32® + 7o + 2 is divided by z + 1
(iii) z* 4 1 is divided by = + 3
(iv) 22+ 2® + 2 is divided by x — 4
(v) 2”4 2z is divided by (z — 1)(z — 2)
(vi) 22* —2® 45 is divided by (z + 1)(z + 2)
(vii) 29 is divided by (z — 2)?
(viii) 3x* + 22 — 3 is divided by (z + 1)*
2. Find factors of:
(i) 2°—Tx+6 (ii) 2° —a2* -5z +6
(i) 223 —32® — 11z + 6 (iv) 62°+ 132° — 4
3. For what value of a is (z + 3) a factor of 62° + ax® + x — 67
4. Show that the linear expression is a factor of the given polynomial in each of the
following exercises:
(i) x—2; 3zt — 82 + 922 — 172z + 14
(ii) 27— 3; 162* + 162® — 642 + 9
(iii) o+ 2; 62> + 5x* — 172 — 6
5. If x + 2 is a factor of 2® — 22* + kx — 10, find k and also the remaining factors.
6. Express as a product of two factors:
(i) 2°—1 (i1) 2°+1 (iii) 2° — 32

7. Find two intervals of the real numbers, of lengths 0.1, that contain roots of the
equation z® — 2% — 8z + 10 = 0.

8. Find an interval of the real numbers, of length 0.1, that contains a root of the equation
92° — 42 + 9z — 4 = 0.

9. Draw a graph of each of the following functions.

(1) 131 (7) ll_x (##) ii;

| 1 1 -3z N T+3
(iv) o (v) T —1 (vi) x2-9
(vid) —— Vi) D -2 —3)
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1.6 Solving equations

1.

Solve the following cubic equations by finding a low integer value solution (positive
or negative) and then factorising the cubic using long division.

(i) 22°+322-182+8=0 (ii) 92° — 92 —24+1=0
(i) 2° 432> — 13z —15=0 (iv) 2* 41202 + 41z +42 =0

Solve the following equations given that —7m < z < 7.

(i) cos’x+cosz =0 (ii) 2sin’x —sinz =0
(iii) tan®x —tanz =0 (iv) V3+tan’z = (V3+1)tanz
(v) 2sin’z—1=0 (vi) 2sin’x+5cosz —4 =0

(vii) cos’x + 5sinz — 7 = 0.
Solve tan 20 = cot @ when 6 € [0, 27].

i) 1+4+5bx>5—3x

i) x>1—x>3+2x

i) —5<3-20<9
w) r?<2r+8

(
(
(
(

v) 2 >5 i) —3<%§1
i ;4::; <1 vii) x;__Z; >0
Solve ;;;_—4-2316 > 1
Solve ;C;_ ff <

Celsius (C') and Fahrenheit (F') temperatures are related by the equation

= g(F —39).

(i)  What is the range of Celsius temperatures when 50 < F' < 957
(i) What is the range of Fahrenheit temperatures when 20 < C' < 307

Solve these inequalities.

(i) |v—4/ <01 (ii) |5z —2| < 6.
92—
(i) |22 — 5| < |2 + 4| (iv) ;1+2§; <4

1
Show that if |z + 3| < 5 then |4z + 13| < 3.
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1.7 Integration

1. Use the substitutions indicated to find the indefinite integrals.
(7) /Qx(xZ — 1)*dx; u=2"—1
(i) /xQ\/ 3 4+ 1dx; u=1z°+1

111 ——dux; uw=a1>—4
(i) -

r(x — 1)* dr; u=x—1
(viii) [ 2*(1 4 2*)* dx; u=1+2"
2. Use the substitutions indicated to evaluate the definite integrals.

/x\/l—x2d1’, u=1-—2z?

0

w=ax’+1

Vv +1’

(4ii) 27 — 3) (2 — 3z + 2)* dx; u=1x"—3x+2

/4
3
1
/ ze® UZQIQ
0

(v) /0 €x+2dx5 u=c¢e"+2

3. Write down the integral of each the following functions.

() 21 o) © °
@) 24— (&) o2 0 Va
() (1—3x) (h) (1—27)? (i) cosx
(j) cos3x (k) cos % (1) sinz
1 2 )
(m) 5= 20 (n) 213 (o) 2z(x” +3)
(p) 2xsin(z® 4 3) (q) 2ze”* (r) xQSZ— 2

2 a8

(s) wsin(z? +3) (t) a*sinz® (u) =z
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4. Find the following integrals by the method of integration by substitution.

() /\/Ecos(x\/f)dx (i) /ex cos(e®)dx,
(iii) /a;\/mcix. (iv) /6—\\//_;dt

dz , dz
(v) | == () | =
V2zr+5 Va(l+ /)
1
5. Person A states that / 222 dx is obviously positive. Person B says that it’s negative,
-2
since if we put « = 2 then du = 2z dz and so

1 1 1 4
/ 2$2d:£:/ x.Q:de:/ \/ﬂdu:—/ Vudu,
—92 -2 4 1

and this is obviously negative. Who is right?

6. Find the following indefinite integrals.
(4) /2COSQ$de‘ (i) /sin2§dx
(4ii) /sin2xcosxdx (iv) /sin4a:d:c
7. Evaluate the following definite integrals.

w/4 w/3
(4) / sin® z dx (i) / cos® v dx
0 us

/6
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1.8 Inverse Functions

1. Find a largest possible domain over which the following functions are strictly increas-
ing.
(i) 2*—4 (ii) Va2 —4 (iii) V4 — 22

-1

w) 3z — a2 >4 6248 '
(iv) 3x—=x (v) a4+ 6x+ (vi) P

2. Show that the following pairs of functions are inverses, by showing that f(g(z)) =
9(f(x)) = z.

() J@) =30+t o) =21
() )= gl)=In(1), x>0
(i) f(x)=cos2z, 0<x<m/2;, g(x)= cos;x’ -1<z<1

(i) fx)=2>+1, 2>0; gl)=vr—1, z>1

3. Find the inverse function of each of the following functions, and specify the domain
of the inverse. Sketch each function and its inverse.

(i) flz)=22—4, r€R (ii) f(zx)=2>—-1, >0
(iii) f(z)=e"? z€R (i) f(zr)=In(x—2), >3
(v) fl@)=(r+2)?* 2<-2 (vi) flz)=2"+8, —1<z<1
T T
(vit) f(z) = sin 3z, ~35 <z< s
4. Find a formula for the inverse function. Restrict the domain if necessary.
(i) f(x)=a2>—4dx+7 (i) f(x)=In(z+2)—In(z+1)

5. Find the derivatives of the following functions:
(i) sin 'z (i) sin Y1+ 2) (iii) (sin'z)’
(iv) sin~'(2?) (v) tan ' (vi) tan '(Inx)

6. Find the following integrals:

, 1 3 sin e’
(2) /1_{_1;2 dﬂf (ZZ) /mdl’ (ZZ’L) /ﬁdl’

w [ Gim /wd—f
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1.9 Applications

d
1. Show that x = 1 + 2e " satisfies the differential equation d—f =—-3(z—1).

d
2. Show that y = 5 — e satisfies the differential equation d_y =—(y—5).
x

3. Suppose that a murdered body cools from 37°C to 34°C in two hours, in a room
where the temperature is a constant 18°C. Assume Newton’s law of cooling.

(i)  Find the temperature of the body as a function of time.
(éi) Sketch a graph of temperature against time.
(#i) What happens to the temperature of the body in the long run?
(iv) Suppose the body is found at 4pm, and the temperature is then 30°C. At what
time was the murder committed?
4. A potato, at 23°C, is put into a 200°C oven. Assume Newton’s law of heating.

(i) Find an equation for the temperature of the potato as a function of time,
assuming that after 30 minutes its temperature is 120°C.

(ii) Draw a graph of temperature of the potato against time.
5. A metal bar has a temperature of 1230°C and cools to 1030°C in 10 minutes when

the surrounding temperature is 30°C. Assume Newton’s law of cooling. How long
will it take to cool to 80°C?

6. When a cold drink is taken from a refrigerator its temperature is 4°C. After 25
minutes in a 20°C room its temperature has increased to 10°C. Assume Newton’s
law of heating.

(i)  What is the temperature of the drink after 50 minutes?
()  When will its temperature be 19.5°C?

7. Show that the functions z = 5sin 2¢, z = 8 cos 2t, x = 3sin(2t + 7) and = = cos(2t —
2

x
7/2) are all solutions to the differential equation ol —4z.
2x
8. The equation of motion of a particle is e —9z. Find its period, amplitude and
x
maximum speed given that x = 0 and i 2 when t = 0.

9. A particle moves in a straight line and its position at time ¢ is given by z =
5 sin (%t + %)
(i)  Show that the particle is undergoing simple harmonic motion.
ii) Find the period and amplitude of the motion.

(
(#ii) Find the acceleration of the particle when z = —4.
(

iv) After time ¢t = 0, when does the particle first reach maximum velocity?
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10. A particle moves in a straight line and its position at time ¢ is given by x = 8sin 2t +
6 cos 2t.

(i)  Show that the particle is undergoing simple harmonic motion.

(ii) Find the period and amplitude of the motion.
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1.10 Counting and Permutations

1. How many ways are there from one vertex of a cube to the opposite vertex, each way
being along three edges of the cube?

2. How many four-figure whole numbers may be formed from the digits 1,2, 3,47 How
many of these have no repeated digits?

3. In how many ways is it possible to fill the four top places in a league of ten sports
teams?

4. In how many ways is it possible to letter the vertices of a hexagon ABCDEF if
consecutive vertices are lettered alphabetically?

5. How many different outfits (i.e. one garment to cover the top, and one garment to
cover the bottom) can be created from 6 different T-shirts, 3 different pairs of shorts
and 4 different skirts?

6. Express the following as quotients of factorials:

1

1 11 T
7 X6 x5, 8 x 9 x 10 x 11, vl

13 x 12 x 11 n(n —1)(n —2)
1x2x3 "’ 1x2x3

7. Simplify:
7! rl 4 (r+1)!

m, W, rl—(r—1)L

8. In how many ways may ten boys be seated on a bench so that two particular boys
are always seated together?

9. Evaluate
7 8 10 Py
P57 P37 P27 5
3
10. Express in terms of n or in terms of n and r:
n+1Pr

n+1 2n n
P47 P37 r—1;
" r—1

11. Find n if
(i) "'P, =56
(ii) "Py =90 x""? P,
(iii) "T1Py =72 X" Py
12. How many whole numbers of four digits can be made with the numerals 1, 2, 4, 7, 8,
9, if each digit is used

(i) any number of times,
(ii) not more than once, in any given number?
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13.

14.

15.

16.

17.

18.

19.

How many whole numbers greater than 5000 and without repeated digits can be
formed with the numerals 2, 3,5,8,9,07 How many of these are multiples of ten?

How many whole numbers of five different digits and greater than 10000 can be
formed with the numerals 0,1, 2,3,4,57 Of these how many

(i) are even,

(ii) lie between 30000 and 50 0007

A branch line on a railway network has 10 stations. How many single tickets must
be printed for this line?

In how many ways can six people sit together in a row if
(i) two of them must always be together,
(ii) three of them must always be together?

Using each digit not more than once in any number, how many numbers between
3000 and 6000 can be formed with the digits 2,3,5,7,8,9?7 How many of these
numbers are even?

How many ways are there of displaying
(i) five different flags on one mast,
(ii) four different flags on two masts?

A car number plate consists of a block of letters followed by a block of numerals. If
the letters span the alphabet and the numerals are from the digits 0,1,2,...,9, how
many such index numbers are there containing three letters and three numbers?
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1.11 Combinations and the binomial theorem

1.

2.

10.

11.

12.

Evaluate 604, 200187 15010.

(i) Find a positive integer n such that "Cy5 =" Cs.
(il) If "C5 = 8 x™ (y, find the positive integer n.

A school is divided into 8 houses for sporting competitions. Each house plays each
other house once. How many matches are played?

Three prefects are to be chosen from 10 prefects for daily duty. How many days is it
before a particular group of prefects must serve again?

How many committees of six may be chosen from 10 persons A,B,C,..., if each
committee

(i) includes A,

(ii) excludes B,

(iii) includes A and excludes B,

(iv) includes A or B (or both)?

In how many ways can a group of ten men be divided into one group of 3 and and
one group of 77

In how many ways can 12 different objects be divided into
(i) one group of 8 and one group of 4,
(i) a group of 7, a group of 3, and a group of 27

If S is the set { aj,as, a3, a4 }, how many proper subsets of S are there? (A proper
subset is one with fewer than 4 elements. One of these subsets contains no elements
at all; it is called the empty set.)

If A is the set {a,b,c,d e}, write down the complementary subset of each of the
following subsets of A: {a,b}, and {b,d, e }. How many subsets of A are there with
(a) 3 elements, (b) 2 elements?

23 23 23 23
ify that =2t
Verify tha (0)+(1)+(2>+(3>

Write down the expansions of:

(i) (1-2x) (ii) (24 z)* 5 (iii) (3 — 21:)35
(v) (a—1b) (v) (x + %) (vi) <x - %)
(vii) (2* + 3y)? (viii) (2 4+ 2%)*

In the expansion of each of the following, find the coefficient of the specified power
of x:

(i) (1+22),; 2! (ii)  (3z —22%)° 't (iid) (5x—3); a2t

o (o () e
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13. Show that each of the following is a rational number, and find that number:
() (V21— (V2-1)
(i) (V3+1)°+(vV/3-1)°
(ii) (V3 +V2)* + (V3 - V2)!

14. Find the coefficient of:

(i) 2° in the expansion of (2 + z)(1 + z)®

(ii) 2° in the expansion of (1 + 2)(2 — z)”

(iii) 2® in the expansion of (2 — 2%)(3 + z)°

(iv) z* in the expansion of (1 — 2 4+ 2%)(2 4 z)°

15. The third term of the expansion of (1 + x)" is 36z°. Find the second term (n is a
positive integer).

16. Show that the coefficient of 2% in the expansion of (2 4+ z)(1 + z)" is n* and the
1
coefficient of 2% is én(n —1)(2n —1).

17. Find the coefficient of 2" in the expansion of (2 —)(1+x)® and hence show that one
of the coefficients of the expansion is zero.

18. Find the constants k and n if the expansion of (1 + kz)" begins
1 — 12z +602% — - - -

19. Use the binomial theorem to find the value of (3.01)® correct to the first decimal
place.

20. (Harder) Two successive numbers in the n row of Pascal’s triangle are 455 and
1365. Find n.



Chapter 2

Answers to exercises

2.1 Functions I

1.
i) R

v) R. The range is also R.

vi) [=2,—V3]U[V3,2]

2. (1) f(g(z)) = —122 — 16, domain R, ¢(f(z)) = —12z — 14, domain R
(i)  f(g(x)) = = domain (1,00) U (—o0,—1), g(f(z)) = 1|:z:_\ xz, do-
main (0,1] U [ 1, )
(iii) f(g(x)) = domain |z| > 1, g¢(f(z))=2—1, domain [1,00)
oz . _z]V2 .
(iv) f(g(x)) = Y domain [—1,00), g¢(f(x)) = NeaEst domain R
(v) flg(z))=2*>—1, domain R, g(f(x))=|2*—1|, domain R
3. (i) (a)2z (b) 12 — 2z (c) 2931—3
(d) —11(2a: —3)7? () 537
1
8 BYSYE)

(g) 1
(a) 62° — 162° + 62
(c) z(2tanz + xsec® 1)
(e) —

ZE+2
e

(g) 2*¢"(3sinz + x(sinz + cos )

1+sinx 1

(i) =

i) {x | z # —1} in set notation, or (—
i) (—o00,—2)U(-2,0) U (0, 00).

(
(
(
(iv) [3.5,00), that is, 3.5 < & < co. The range is [0, 00).
(
(
(

cos? x 1 —sinz

00, —1) U (—1,00) in interval notation.

(b) x(2sinx + z cos z)
(d) e®(z +4)

cosx sinx

() r a2
2sec’x

() (1 —tanx)?

() otV

2+ VP
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4. (i) dy/dx = —32* + 6z + 24.

i) Gradient is 8x — 27/2%, ¥ = 3/2, minimum.

iv) The tangents have slopes 2 and —1/2.
v) V =09.2 knots.

vi) a=+/b/a.

(
(
(#ii) Tangent y = 8x — 13; normal 8y = —x + 91.
(
(
(

2.2 Functions 11

d d
1. (1) % = — cos x sin(sin x) (i) d_i = —sinx cos(cos x)
d d
(4ii) % = 3cosz sinz (sinx + cosz) (iv) d_z = 2zsin L — cos =
dy 2+ 35 L ody 1 1 1
_— = —— —_— = — 1
(v) dr (24 x)3/? (vi) dr 2 i 2\/x T+ \x
d
(vid) d_y = 2z sec’z” + 2 tan z sec’s
x
d 2y — z?
2. (i) d_y = %; at (3,3) this equals —1.
r  y?—2z
d 3% — 223
(41) d_y = u; at (1,1) this equals 1.
x y
(4ii) dy__ <g>% - at (—3v/3,1) this equals L
dz T 3 ) q \/g
d
(iv) d_y = _E; at (1,1) this equals —1.
x x

4
3. Area increases at the rate of 1 cm?/sec. Perimeter increases at the rate of ﬁ

cm/sec when h = 10 cm.
8
4. Volume is decreasing at the rate of % cubic metres per hour.

5. Surface area is decreasing at the rate of 1.2 cm?/sec.

—

6. (i) Liney=2%4

X

x? a3

g b o
(i9) Cubic curve y 5 + 195

(7i) Circle of radius 1 centred at (2,4), with equation

2-2)+(@d—-y?P=1

|
o=

(iv) Ellipse centred at the origin, = intercepts (+2,0), y intercepts (0,416), with

equation
7\ 2 y\2 .
() + () =+
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(v) Ellipse centred at (2,1),

()

7. There are many ways to parametrise a given curve. Here are some.

(i) z=t,y=(t—-1>3 teR

(ii) y=t,z=1t*, teR.

w) r=1+4+2cost, y=o+ 2sint, € |0,2m).
14+ 2cost 3+ 2sint, te€|0,2
(i) x=14fcost, y=3+ssint, te[0,2n).

2.3 Trigonometric identities

1. () 897 1023 496 64 897 1023
(i) = - — —.
10257 1025 10257 1025° 496’ 64
1 7 1 1
) L S S [ §
" TsE VR swva
2. (i) 2sin2xcos2z (ii) cos® 3z — sin® 3z, etc.
2tand
(i) % (iv) 2cosx
(v) 2sin’x (vi) 28111%008%
(vii) cos® 2 — sin? % (viii) 1 4 sin 2z
(iz) cosbx (z) cosdx
(1) 1+cosg (wii) 2sin® g
(zidi) 1 — sin 2x (ziv) sin6x
1 —cos2z 1+ cos2x
(zv) ———— (zvi)
2 2
120 119 3 3 4 4
3. (i) — - Sor—2, Zor —=
@ T69° ~169 (#) For—5 593
™ dm 97
TR L : 4 f
(@i) 1; T 1 4 (i) (a) = (b) undefined
11
(v) s o -5 (vi) 16
11
(vid) T (vigi) tan(x + 2y) = 1 and
3
O0<z+2y< o
4
Lt At A1 3P —2t+3
4. (i) () ———7
th+6t2 + 1 —t2 + 4t + 1
—2t3 — 2t> + 2t + 2 1+ %)
(i) iy () — 4+

—tt+ 23+ 2t + 1

1+2t—2t3 — ¢4
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5. (i) r=v2 a=—-n/4 (i) r =5, a~0.464
(i) =13, a~ —0.983 (iv) =3, a~0955
(v) r=+Va?+b?, tana="b/a

2.4 Mathematical induction

1. When n =1, LHS= 1, RHS= 1? = 1 and so the proposition is true when n = 1. Now
we assume that
1+3+5+...+(2n—1)=n?

and use this to prove that
1+34+5+...+2n—1)+2n+1)=(n+1)%
Now
14+3+5+...+2n—1D+2n+1)=n*+2n+1=(n+1)*
and this is the result we want. We conclude that the proposition is true for all positive

integers.

3. When n = 4, LHS= 2% = 16, RHS= 4! = 24 and it is certainly true that 16 < 24.
Thus the proposition is true for n = 4. Now we assume that 2" < n! and use this to
prove that 2"*" < (n + 1)!. We have

2l = 29" <2l < (n+ 1)n! = (n+1)!

Hence the proposition is true for all integers n > 4.

1
5. When n =1, LHS= a, RHS= 5(2@) = a and the proposition is true. Now we assume
that n
a+(a+d)+(a+2d)+...+(a+(n—1)d) = §(2a+(n— 1)d)
We must use this to prove that
+1
a+m+dy+m+2@+”.+m+mn—n@+wa+mn:95—@a+mn

Now
a+(a+d)+(a+2d)+ ...+ (a+ (n—1)d) + (a + nd)

= g(2a+(n—1)d)+(a+nd)
:na+w+a+nd

=(n+1la+ %l(n(n — 1)+ 2n)

= (n+ Da+ S(n(n+ 1)

= (n—l—l)(a—l—ﬁ)

2
1
:”; (2a + nd)

Therefore the proposition is true for all n > 1.
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f(1) =3, f(2) =21, f(3) =117, f(4) = 609. All these numbers are multiples of 3.
We conjecture the proposition that f(n) is a multiple of 3 for all n > 1. We have
already proved this is true for n = 1. We now assume that f(n) is a multiple of 3
and use this to prove that f(n + 1) is also a multiple of 3.

f(n+1)=5"" 2"l = 55" 22"
Now by assumption, f(n) = 5" — 2" = 3k, for some integer k. Therefore

f(n+1) =53k +2") — 2.2
=15k + 2"(5 — 2)
— 15k +3.2"
= 3(5k + 2"

We have now proved that f(n + 1) is a multiple of 3, and therefore the proposition
is true.

2.5 Polynomials and rational functions

1.

(i)  The quotient is 2% + 2z + 4; the remainder is 8.
(ii) 2*—dx+11; -9

(iii) % — 3% + 91 —27; 82

(iv) 22%+49x +36; 146

(v) 2* 4322 + 72+ 15 332 — 30
(vi) 22* —T7x+17; —37x—29
(vii) 2" + 42 + 122° + 322 + 80; 192z — 320
(viii) 3x — 9;  182% + 261 + 6

(
(

i) (z—1)(x—2)(x+3)

it) By trial and error (using low integer values) We see that when z = 2, 2% — 2% —
5z + 6 = 0. Therefore x — 2 is a factor of z° — 5z + 6. This means that
2 — 2% —5r+6 = (v — 2)(2* + ax — 3) Where a can be found by expanding
the right hand side. We get

2 — 2 —5r+6=2"+(a—2)2" — (3+2a)r+6

which gives a = 1. The required factorisation is therefore

(x —2) (:E + 1+ vis +2ﬁ3> (:I: + 1-vi3 _2ﬁ3>

(1) 2z —1)(x+2)(x —3)
(iv) (x+2)(3x+2)(2x —1)
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3. Let f(z) = 62® + ax® + x — 6. By the remainder theorem, we require f(—3) = 0 for
x + 3 to be a factor of f(z). Now f(—3) =9a — 171 = 0 if and only if a = 19.

4. (i) Substituting x = 2 into 3z* — 82® + 92 — 17z + 14 gives 0, and so x — 2 is a
factor of the quartic polynomial. The other parts are similar.

5. k=-13; (z—=5)(z+1)(z+2)

(i) (@*+2*+22+z+1D(x—-1)
(ii) (2 =2+ 2> —x+1)(x+1)
(iii) (' + 22° + 42® 4+ 82 + 16) (2 — 2)

7. (2.5,2.6), (=3, —2.9). There is also a solution near x = 1.31.
(

(iii)
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(i0)
(vi)

24

(vid)



2.6. SOLVING EQUATIONS

(viid)

Y

I I I
| | |
I I I
I I I
I I I
I I I
I I I
| | |
I I I
I I I
I I I
I I I
| | |
I I I
I I I

/

2.6 Solving equations

1.

e ¢

%

(i)  Equation factorises as (x —2)(2z%47x—4) = 0. The solutions are z = 2, —
(i) Equation factorises as (z — 1)(92° — 1) = 0. The solutions are z = 1, § —
(7ii) Equation factorises as (z-+1)(2°42z—15) = 0. The solutions are z = —1, —5,
(iv) Equation factorises as (r + 2)(z® + 10z + 21) = 0. The solutions are z

—9, -3, -T.
(i) T (i) 0 ¥ ST
i Tomg g T i o e 5 T
3mT _ 3m o om 27
(ZZZ) , O, ™, —I, Z (ZU) _I’ Z, g, —?
dm wm w37 , T

(v) VR R (vi) 33

(vii) No solutions.

m Sm Tm 1lmw

66 6 6
Answers are given using interval notation.

(i)  (3,0) () [=3,4]

(#ii) No solution (iv) (=2,4)
No solution
All z e R.

(i) 10<C<35 (i) 68 < F <86

(i) (3.9,41) (i) (—0.8,1.6) (i) [5,9] (w) (—o0,—2JU[-F,

25

[

00)

We are given that —% <r+4+3< % Multiplying through by 4 then adding 1, we get

—2<4r+12<2, —-1<4x+4+13<3.
Therefore |4z + 13| < 3.
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2.7 Integration techniques

1. (i) é(x2—1)5+0 (ii) g(:c3+1)3/2+c
1 1
Y\ ov/iZ T d 1
(@ii) 2Vx +C (iv) 1z 3y +C
(v) —% cosz® + C (vi) %(312_1 +C
(vit) %(x —-1)°+ ;l(x e (viii) 1—15(1 +2°)° +C
2. (i) % (i) 2V5 -2 (i) ?
(iv) %e—% (v) In e+2‘
1
3. (a) 32"+C (b) e +C
7 2t
(¢) Inlz|+C (d) 7+Z—ln|x|+0
213 213
() =+C () =+cC
(1—3x)3 228 b
_A T h _Z 4
(2) g 1€ (h) w' 5t tC
(i) sinz+C () sm33x +C
(k) 2$n§+0, 1) —cosz+C
1
2 2
(0) w +C (p) —cos(x® +3)+C

(CI) ex2+3 + C

(s) —% cos(z® +3)+ C

e’
(U.) ? + O

g sin(x/z) + C
(i) 2z —4): +3(x—4)2+C

(v) V2x+5+C

1
éln(yv2 +3)+C

cos x3

C
3 +

sin(e®) + C

26ﬁ+0
L +C
T+ VaP

5. Person A is correct. What is going wrong with the substitution u = 2? is that it
is not correct to say that x = /u (a non-negative quantity) over the whole interval

[—2, 1], since x is negative on [—2,0).



2.8. INVERSE FUNCTIONS

1
6. (7) m+§sin2m—|—0

(iii) —sin®x+C

1. (i) =z

(i)
@) =vVr+1; 2> -1

(iid)

fHz)=2Inz; >0

1

éa:— §sinx+0

3 1 1

gx—i— 3—251n4x— Zsin2x+0
T

12

2 (1i) —2<x<0
-3 (vi) @ -2
T
/-
Vs

27
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(v) fHe)=—v2—-2 220

1 7/6

7T=/6 7T=/3 7T=/2 -1 1

1+

4. (i) Restricting the domain to [2,00), the inverse function is
ffa)=2+Vr -3, >3

(ii) The function has an inverse over its natural domain (—1, 00).

1
The inverse function is f~*(z) = 1 1, z>0.
e$ —
1 1 2sin" !z
5 1 2 _— 217
@) 2y/z(1 —x) (i) V =2z — 22 (i) V1—x?
(i) —— (v) : (vi) .
w v Vi
N 2(1+x)y/x (1+ (Inz)?)x



2.9. APPLICATIONS OF CALCULUS

6. (i)
(iid)
(v)

tan 'z + C (ii) —tan '(cosz) + C

1 -2
sin~te” + C (iv) gtan_l <glj 3 ) +C

sin"t(z —1)+C

2.9 Applications of calculus

3. (i)

(i)

T

10

(iid)
(i)
4. (i)

(i)

Let T be the temperature (°C) of the body at time ¢ (hours), then
T(t) =18 + 1961/21n(16/19)t ~ 18 + 196_0'08615.

The sketch of the function T(t)
(°C)

10 t (hours)

29

As time passes the temperature of the body decreases toward the room tem-

perature, 18°C.

The murder occured 5.348 hours or approximately 5 hours 20 minutes before

4pm, and therefore at approximately 10:40am.
Let T be the temperature (°C) of the potato at time ¢ (minutes), then
T(t) =200 — 17761/301n(80/177)t ~ 200 — 1776_0'026515.

The graph of the temperature of the potato of time

T (°C)

200

100

75 50 75 100 t (mins)
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5. If we let T' be the temperature of the metal rod in °C at time ¢ minutes then we find
the equation for the temperature over time is

T(t) = 30 + 1200e"/10"C/9 ~ 30 4 120060,

Therefore, from this equation it is found that the metal rod will cool to 80°C approx-
imately 174 minutes since the initial temperature measurement.

6. Firstly, we find that the equation for the temperature 7' (°C) over time ¢ (minutes)
is
T(t) = 20 — 166Y/21m(10/10) 90 _ 1600188t

(i)  After 50 minutes the temperature of the drink will be approximately 13.75°C.
(i) The drink will reach 19.5°C after approximately 184 minutes.

8. Amplitude = 2/3; period = 27/3; maximum speed = 2.

d?x w2

(ii) Period = 4; amplitude = 5.
(iii) =

11

(

w) When t = —.
iv) en 3

10. Period = 7; amplitude = 10.

2.10 Counting and permutations

1. We want to start at A and end at F' by going along 3 edges. From A there are 3
ways of going along the first edge, AB, AD, AH.

FE F C F E F

From each of B, D, H there are 2 ways of arriving at F' (by going along 2 edges).
By the product principle, there are 3 x 2 = 6 ways of going from A to F.

2. 256, 24

3. There are 10 ways to fill the first place, 9 the second, 8 the third and 7 the fourth.
The answer is therefore 10 x 9 x 8 x 7 = 5040.

4. 12
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10.

11.

12.

13.

14.

15.

16.

There are 6 choices for the top and 7 for the bottom, so the number of different
outfits is 6 x 7 = 42.

70110 31 13l nl
AU 717 60 1080 31(n — 3)!

r! r(r—1)!
g =T
(r—1!  (r—=1)! ’
rl+ (r+1)! _ rl+ (r+1)r! _ ri(r +2) (4 2),
(r—1)! (r—1)! (r—1)!
rl—r—==rr-=r-D'=r—-1)(r-1)!
2 x 9!
7! 8! 10!
U%:§T=7x6x5x4x3=2waﬁﬁz57:8x7x6:3%ﬁ%5=§72
- 6p, 60 4 ' '
10x9=90, 20, 0 _0x5xdx3 g,

’3P3_5X§_ 3x2x1

(n+nn—-1)(Mn-2),4n(n—-—1)2n—-1),n(n—1)(n—-2)---(n—7r+2),n+1

—1)!
(i) "'P= (n—1) =(n—1)(n—2)=56. Thusn—1=8and n —2 =7, giving

(n—3)!
n=29. ' ol
(ii) "Py =90(""*P,) so m = 90%. Simplifying gives

n(n —1) =90 and so n = 10.

1)! —1)!
(iii) Since "t Py = 72(""'P3), we have EZ i— 4;! = 7222 — 4;!.
Therefore (n + 1)n(n — 1) =72(n — 1)! and so (n + 1)n =72, or n = 8.

6%, 360

We first count the number of 4 digit numbers of the required type. The first digit
must either be 5.8 or 9 so there are 3 choices for the first digit. The second digit can
then be chosen in 5 ways, the third in 4 ways and the fourth in 3 ways. This gives
3 x5 x4x3 =180 numbers. The 5 digit and 6 digit numbers are counted in a similar
fashion. There are 5x5x4x3x2 = 600 five digit numbers and 5x5x4x3x2x1 = 600
six digit numbers. The grand total is then 180 + 600 + 600 = 1380. To count the 4
digit numbers which are multiples of 10, we note that the first digit can be chosen in
3 ways, the last in 1 way, the second in 4 ways and the third in 3 ways. This gives
3 x 1 x4 x 3= 36 such numbers. We count the 5 and 6 digit numbers in the same
way. The grand total is then 36 + 5 X 1 x4 x 3 x2+5x1x4x3x2x1=276.

600, 312, 240

A single ticket is between two nominated stations in a given order. There are **P, =

10!
o 90 such tickets.

2 x 5!, 6 x 4!
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17. The first digit must be 3 or 5, so there are 2 choices for the first digit. There are

5 choices for the second, 4 for the third and 3 for the fourth. The total number is
therefore 2 x 5 x 4 x 3 = 120. If the number is even, then the fourth digit must be 2
or 8 There are 2 choices for the first, 2 for the fourth, 4 for second and 3 for third,
giving 2 X 2 X 4 X 3 = 48 even numbers.

18. 5!, 5 x 4!

19. There are 26 x 26 x 26 x 10 x 10 x 10 = 10 x 26® number plates.

2.11 Combinations and the binomial theorem

1.

2.

10.

11.

15, 190, 3003

n! n!
15(n — 15)!  8!(n — 8)!

(i) Since , we have 15!(n — 15)! = 8!(n — 8)!, and so

15x14x13x12x11x10x9 = (n—8)(n—9)(n—10)(n—11)(n—12)(n— 13)(n— 14)

giving n — 8 = 15, and n = 23.
n! 8 x n!

(ii) Since "C3 = 8("C3), we have 30— 3)! = N —9)1 and so 3l(n — 3)! =
I(n — 2)!

w Thus 24 =n — 2 and so n = 26.

28

10! 10 x9 x 8
There are 1°Cy = - 3xoxl 120 ways of choosing the group of prefects.

So after 120 days a particular group must serve again.

126, 84, 56, 182

Once 3 men are chosen the remaining 7 automatically form a group of 7. So the
number of ways is '°Cs = 120.

495, 7920

The number of subsets with 0 elements is 1 (the empty set). The number of subsets
with 1 element is 4. The number of subsets with 2 elements is *Cy = 6 and the
number of subsets with 3 elements is *Cy = 4. Therefore the total number of proper
subsets is 1 +4 4+ 6 +4 = 15.

{¢,d,e}, {a,c}, 10, 10

BOy+P Cr+B Cy+2 O3 =14+234+23 x 11423 x 11 x 7 = 2048 = 2'%.
(i) 1—5x+102% — 1023 + 52" — 2°

(i) 16 + 32z + 242* + 82° + 2*

(iii) 27 — 542 + 362° — 8x°

(iv) a*— 4a®b + 6a*b* — 4ab® + b*
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(v) 2°+52° + 10z + 102~ + 5073 + 27°
(vi) 2°—52° 4+ 10z — 10z~ + 527 — 27°
(vii) 2° + 92y + 272%y* + 27y?

(viii) 16 + 322° + 242° + 82”7 + 2

7!
12. (i)  The general term is "C,(2x)" = WQ%T. The coefficient of 2* is therefore
ri(7—r)!
o A

(ii) The general term is °C,.(3x)°"(—22%)" =° C,3°7"(—2)"2°"*". The coefficient
of 2! is therefore (with r = 3), °C33%*(—2)* = —720.

(i) The general term is "C,(5z)" " (—3)". The coefficient of 2* occurs when r = 3
and is therefore "C35%(—3)% = —7 x 3% x 5°.

(iv) —7x2°
4
(v) The general term is °C,(z*)°7"(=)" =' C,4"2*°7%". The coefficient of z~*

occurs when r = 7 and is therefore 1°C74” = 3 x 4% x 10
13. (i) 82 (i) 416 (73i) 98

14. (i)  The coefficient of 2% in (2+z)(1+ )% is 2x the coefficient of 2° in (1+x)® plus
the coefficient of 2° in (1+)®. The required number is therefore 2(*Cg) +*Cs =
56 + 56 = 112.

(i) 196
(7ii) The coefficient of 2° in (2—2%)(3+2)" is 2x the coefficient of 2® in (3+2)" minus
the coefficient of 2° in (3 +z)?. This number is 2 x” Cg x 3 —? (g x 3° = —2214
(iv) 140
15. 9z
16. The coefficient of 2* in (2 +2)(1 +2)" is the sum of the coefficient of 2% in 2(1 4 z)"
and the coefficient of z in (1+x)". Therefore the required number is 2 <;) + (Tf) =

n®. The coefficient of #* in (2 + x)(1 + )" is the sum of the coefficient of z* in
2(1 + 2)" and the coefficient of 2® in (1 + x)". Therefore the required number is

2(2) + (Z) - én(n —1)@2n—1).
o)~ (2 ) rms

18. (1 + kx)" = 1 +" Cy(kx)' +" Co(kz)* +...... = 1+ nke + —— EPa? + ..
—1
So nk = —12 and n(n—)k2 = 60. Dividing the second equation by the first gives
12 6
(n — 1)k = —10 and then dividing the first by this one gives 1=10=5 Thus
n pa—

n==6and k= —2.
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19. 743.7

|
20. We have "C,. = 455 and "C,,; = 1365. Thus v 455 and
rl(n —r)!

|
T 1)!(:;'_ T D) = 1365. Dividing the second equation by the first gives :+ : =
3, which shows that n = 4r + 3. We can now try various values of r. When r =

0,1,2,3,4... we get n = 3,7,11,15,19.... By referring to the Pascal Triangle on
page 2, it is clear that n # 3,n # 7. If n = 11 and r = 2 then ''Cy = 55 so n # 11.
If n =15 and r = 3, we see that *Cy = 455. Therefore these numbers 455 and 1365
occur on the 16th row of the Pascal triangle (counting the single 1 as the first row).



Appendix A

Some standard integrals

=tanx +C

L
=sin'Z +C
a

1
= —tan_lerC
a a
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Appendix B
The Greek alphabet

alpha

beta

gamma (Upper case I')
delta (Upper case A)
epsilon
zeta
eta
theta (Upper case ©)
iota

kappa

lambda (Upper case A)
mu

nu
xi (Upper case Z)
omicron

pi (Upper case II)
rho

sigma (Upper case X)
tau

upsilon (Upper case T)
phi (Upper Case ®)
chi

psi (Upper case V)
omega (Upper case ()
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