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Abstract

We prove that lexicographic breadth-first search is P-complete and that a variant of
the parallel perfect elimination procedure of P. Klein [24] is powerful enough to compute a
semi-perfect elimination ordering in sense of [23] if certain induced subgraphs are forbidden.
We present an efficient parallel breadth first search algorithm for all graphs which have
no cycle of length greater four and no house as an induced subgraph. A side result is
that a maximal clique can be computed in polylogarithmic time using a linear number of
processors.

1 Introduction

Various authors considered elimination orderings to characterize certain graph classes [15, 37,
16, 6]. Such elimination orderings have several applications as sparse Gauss elimination [31],
efficient graph coloring [6, 37, 7], etc.. An interesting graph class are the chordal graphs.
That are the graphs with the property that any cycle of length greater than three has two
nonconsecutive vertices which are adjacent. That are those graphs which have a perfect elim-
wnation ordering, i.e. the greater neighbors of any vertex form a complete set. Sequential
linear algorithms to recognize chordal graphs and to compute a perfect elimination ordering
are the lexical breadth-first search method of Rose, Tarjan, and Lueker [32] and the maximum
cardinality search method of Tarjan and Yannakakis [36]. An efficient parallel algorithm is due
to Klein [24]. It is well known that a minimum coloring of a chordal graph can be obtained
efficiently by coloring the vertices in reversal order with the color of the least number which is
not the color of a greater neighbor. There is a more generalized result in behind. Chvatal [6]
found out that one can proceed in the same way if the ordering is a "perfect ordering” (not per-
fect elimination ordering), i.e. an ordering with the property that for no path (z1,z2, z3,z4),
such that nonconsecutive vertices are not adjacent, zo < z; and z3 < z4. Note that Chvatal
presented perfect orderings in the reversed order [6]. Middendorf and Pfeiffer proved that
the existence of a perfect ordering is an NP-complete problem [28]. Jamison and Olariu [23]
introduced the notion of semiperfect elimination orderings, which lie between perfect elimina-
tion orderings and perfect orderings. We can state that an ordering is a perfect elimination
ordering if any vertex is not the midpoint of an induced path of length two in the given graph
restricted to those vertices which are greater than or equal the given vertex. Jamison and
Olariu relaxed this condition that any vertex is not the midpoint of an induced path of length
three (P4) in the given graph restricted to those vertices greater or equal the given vertex.
Jamison and Olariu [23] stated conditions when a semi-perfect elimination ordering can be
computed efficiently by the known perfect elimination algorithms in [32] and [36]. Jamison
and Olariu stated some properties that an ordering ever has if one applies the algorithm in
[32] or the algorithm in [36] and proved that under certain conditions, an ordering satisfying
these properties is a semi-perfect elimination ordering.

Here we deal with the problem to develop parallel algorithms which do essentially the same
as lexical breadth-first search or maximum cardinality search. While a variant of P. Klein’s
parallel elimination algorithm does essentially the same as the maximum cardinality search,
lexical breadth-first search is inherently sequential. An immediate consequence is that the
computation of a doubly lexicalic ordering in sense of [27] is inherently sequential. Klein [24]
developed also an efficient parallel breadth-fist search tree algorithm for chordal graphs based



on the existence of a perfect elimination ordering. We develop an efficient parallel breadth-
first search algorithm for chordal graphs which is not based on the knowledge of a perfect
elimination ordering. We shall see that this algorithm can be extended to a larger graph class.
It remains open to extend Klein’s depth-first search algorithm for chordal graphs to larger
graph classes.

In the second section, we introduce the notation necessary in the whole paper. In the third
section, we describe different elimination processes and prove that lexical breadth-first search
is P-complete. In the fourth section we discuss the power of a variant of P. Klein’s parallel
elimination procedure. Here we have to solve the problem to compute an inclusion maximal
clique in parallel. As a side result, we found out that an inclusion maximal clique can be
computed in polylogarithmic time with a linear processor bound in nearly the same manner as
an inclusion maximal independent set [22]. In the fifth section, we discuss an efficient parallel
breadth-first search algorithm which is not only applicable for chordal graphs but for graphs
not containing the house or a cycle of length greater than four as an induced subgraph.

2 Notation

A graph G = (V, E) consists of a vertex set V and an edge set E. Multiple edges and loops
are not allowed. The edge joining = and y is denoted by zy.

We say that x is a neighbor of y iff xy € E. The neighborhood of = is the set {y : zy € E'}
consisting of all neighbors of z and is denoted by N (x). The neighborhood of a set of vertices
V' is the set N (V') = {y|3z € V', yz € E} of all neighbors of some vertex in V'.

A subgraph of (V, E) is a graph (V' E') such that V' C V, E' C E. An induced subgraph
is an edge-preserving subgraph, i.e. (V', E’) is an induced subgraph of (V. E) iff V! C V and
E' ={zy € E : z,y € V'}. The clique number of a graph G is denoted by w(G). The
chromatic number of a graph G is denoted by x(G). A graph is perfect if, for each induced
subgraph, the chromatic number and the clique number coincide. A trivial heuristics to color
a graph is to color the vertices in reversed order with respect to an enumeration (v;)j—; of the
vertex set V with the available color of least index (greedy coloring). This heuristics gives a
coloring in the bounds of the chromatic number for each induced subgraph if and only if the
ordering behind the enumeration is the reversal of a perfect ordering [6]:

If (v;,vj, vk, v;) forms an induced path then ¢ < j or I < k.

It is NP-complete to check, for any graph, whether it has a perfect ordering or not [28].
But in special graph classes necessarily a perfect ordering exists. Moreover in these special
graph classes, a perfect ordering can be determined efficiently.

Special perfect ordering are the perfect elimination orderings:

Ife<y,z<z zy,zz € E, then yz € E.

Lemma 1 [16] A graph has a perfect elimination ordering iff «t is chordal, i.e. it has no
mduced cycle of length greater than 3.

A generalization of perfect elimination orderings are semi-perfect elimination orderings
[23]. An ordering < on the vertex set V of a graph G = (V, E) is called semi-perfect if each
vertex v € V is not the midpoint of an induced path of length three (Ps) in G restricted to
{wlv < w}.



M. Farber [15] introduced a subclass of chordal graphs, the strongly chordal graphs. This
class is interesting because graph problems as Minimum Steiner Tree and Minimum Dominat-
ing Set can be solved efficiently:

A graph G = (V, FE) is strongly chordal iff there is a perfect elimination ordering < with
the following additional property:

o for w1y2, xoyy,x1w9 € E, such that 1 < y; and z9 < y2, we have yyys € E.

We call such an ordering a strongly perfect elimination ordering.

The parallel computation model is the parallel random access machine (PRAM). In most
cases we use the Exclusive Read Exclusive Write PRAM (EREW-PRAM), i.e. only one proces-
sor is allowed to read from and to write into the same memory cell at the same time. Sometimes
we also use the Concurrent Read Concurrent Write PRAM model (CRCW-PRAM), i.e. at
the same time arbitrary many processors are allowed to read from the same memory cell and
arbitrary many processors are allowed to apply to write into the same memory cell. Usually
the processor with the smallest number applying to write into a certain memory cell writes
into the memory cell.

3 Elimination Procedures

In this section we recall known elimination procedures and their power.
Jamison and Olariu considered elimination orderings with the following properties [23]:

Pl If a < b,b < c,ac € E,bc € E then there is a vertex b’ such that b’ € E,all € E,c < V'.

P2 If a < b,b < c,ac € E,bc € F then there is a vertex b’ such that b’ € E,all € E,b < V.

Note that property P1 implies property P2.
Tarjan and Yannakakis [36] proved the following.

Lemma 2 G s chordal iff any ordering satisfying property P2 is a perfect elimination order-
mg.

Note that that the maximum cardinality search procedure of Tarjan and Yannakakis [36]
ever computes an ordering which satisfied property P2 and the lexicographical breadth-first
search procedure of Rose, Tarjan, and Lueker ever computes an ordering satisfying property
P1.

Jamison and Olariu [23] stated necessary and sufficient conditions that an ordering satis-
fying property P1 or P2 is semi-perfect.

We consider the following graphs:

We call the first graph the house, the second graph the guitar and the third graph the
domino.

Lemma 3 [23/

1. For each induced subgraph H of G, any ordering on the vertices of H satisfying P1 is a
semi-perfect elimination ordering iff G does not contain a if it does not contain a cycle
of length > 4 or the house or the domino as an induced subgraph.



2. For each winduced subgraph H of G, any ordering on the vertices of H satisfying P2 s
a sema-perfect elimination ordering iff G does not contain a cycle of length > 4 or the
house or the guitar as an induced subgraph.

Lubiv [27] extended even the conditions of P1:
PO If a < b,ac € E,bc € E then there is a vertex b’ such that bb' € E,ab' € E.c < V.

In the case of bipartite graphs an ordering satisfying PO is also called a doubly lexicalic
ordering. It can be proved that, in any strongly chordal graph, an ordering satisfying PO is
a strongly perfect elimination ordering. Efficient sequential algorithms to compute a doubly
lexicalic ordering are due to Lubiv [27], Paige and Tarjan [30], and Spinrad [34].

We shall see that even the computation of an ordering satisfying the property P1 is inher-
ently sequential.

Theorem 1 The computation of an ordering satisfying P1 is P-complete.

Proof: We prove that an N C-algorithm for the computation of an ordering satisfying the
property P1 induces an N C-algorithm for the following problem which is P-complete [10]:

First Mazimal Clique

Input: A graph G = (V, F) and an ordering < on the set V of the vertices of G.

Output: The clique C' which is computed as follows:

1. The smallest element vg is in C,

2. put stepwise the smallest element v € C into C which is adjacent to all vertices in C
until no vertex not in C' is adjacent to all vertices in C.

Suppose G = (V, E) with V = {vy,...,v,} and the ordering < on V' with v; <wv; iff 2 < j
are given.

First we construct a (bipartite) graph G' = (V', E') with a distinguished vertex M such
that any ordering with M as maximum which satisfies P1 induces the first maximum clique
in G.

Set V! = {M}UUi_, Vi with Vo = {0} x V, and for i >0, V; = {i} x {v;|j > 1}.

The edge set E’ is defined as follows. E' = {Mv|v € Vo }U{(0,v;)(1,v;)|i > 7} U{(%,v;)(i+
Lvj)lg 2 e+ 1} U {(2,v)(¢ 4+ 1,v;)|v;v; € F and 2 < 7}

It is easily seen that G’ can can be computed from G by an EREW-PRAM with O(n?)
processors in logarithmic time.

Suppose the first maximal clique C of G is {v,,...,v;, } and 1 = 4] < ... < 4. Let <’
be a lexicographical breadth first search ordering on G' with M as its maximum. Then by
induction on %, one can show:



Lemma 4 Suppose 1; <1 < 4j11. Then the following statements are satisfied.

1. (4,vi;,,) 15 the largest vertex in V; with respect to <,

2. Letv; > v; be a vertex which is adjacent to all vertices v;, , . .. Vi and vy > v; be a vertex
which is not adjacent to all vertices vi,,...,v;,. Then (i,vy) <' (i,v).

3. If vy > vi and vy > v; are both adjacent to all vertices vi,,...,v;; then (1,v;) <" (i,vy)
iff Il < 1.

Proof of Lemma

First note that ¢ < j and (1,v;) >’ (1, v;) are equivalent statements, because ¢ < j implies
that the neighborhood of (1,v;) in Vj is a proper subset of the neighborhood of (1,v;) in V.
Therefore (1,v1) = (1,vj,) is the <'-largest vertex in Vi. The second statement is trivially
true for + = 1 because no 7; is smaller than 1. Therefore the lemma has been proved for 7 = 1.

Suppose the lemma is true for 2 = 1,...,7 — 1. To prove the lemma for i = 7', we have to
consider two cases.

Case 1: ' — 1 = i;, for some j.

By induction hypothesis, (' —1,v;;) = (i'=1,v#_1) is the largest vertex in Vii_;. Therefore
the vertices (¢, v;) with vy_jv; € E are <'-larger than those vertices (¢, v;) such that v; is not
in the neighborhood of v, because the neighbors of (i’ —1,vy_;) in Vi are those (i, v;) with
vivj € E. Note that the only remaining neighbor of (¢',v;) in Vjr_y is (¢’ — 1, vj). Therefore
for all (¢',v;) and (i,vg), such that v; and v are neighbors of vy_y, (7, v;) <" (7, v;) iff
(i' —1,vj) <" (7, vg). Therefore, since the second and the third statement is true for i = ¢/ — 1,
they are even true for s = 7/. Since vi;,, is the smallest vertex adjacent to all vertices v;, , ..., v;,,
also the first statement is true for ¢ = 7.

Case 2: 1; <i —1<1j41.

Note that for all v; with j >4/, (¢ — 1,v;) is a neighbor of (¢',v;) and (¢' — 1,v;_1) is the
only other possible neighbor of (#/,v;). Moreover v;_ is not adjacent to all vertices v;, ,. .. s Vi
Since the second statement is true for ¢ = ¢/ — 1, (¢/ = 1,vy 1) <’ (' — 1,v;) such that vy is
adjacent to all vj,,...v;,. Since the neighbors of (7', v;) in Vy_; are (i — 1,v;) and possibly
(¢ = Lvp_q), for all v, vy with (¢/ — Loy <" (¢' = L ug), (7' — 1,vp), (¢, vp) < (¢, v) iff
(¢ —1,v) < (¢' —1,v;). Therefore the second and the third statement are true for ¢ = ¢'. The
first statement follows from the third statement by the definition of v;, .

O (Lemma)

Therefore C' consists of those v; with ¢ < 4; such that (7,v;) is maximal in V; with respect
to <’. Only we do not know 4.

To compute C, we compute the set C' = {v; : (i,v;) is maximal with respect to <’ in V;}
and determine the first index ' in C” such that there is an index j < ¢’ in C” such that vjv; € E.
Apparently C' = {v; € C'|j <#'}.

For the general case, we consider two copies of G’ and identify in both copies the vertex
M. The maximum must be in one of the copies. Any ordering has its maximum in one of the
copies of G'. Then M must be the maximum of the other copy and there the behavior of an
ordering satisfying P1 must be the same as if we assume that M is the maximum.

a



4 P. Klein’s Perfect Elimination Procedure and its Applica-
tion to Compute Semi-Perfect Elimination Orderings

Here present a variant of Klein’s parallel perfect elimination procedure which computes, for
any graph, an ordering satisfying P2 [24].

The basic idea of P. Klein’s algorithm is that we begin with an initialization procedure
NONE which computes levels Ly, ..., L of size at most a fixed ratio of the number of vertices.
Successively the levels L; are refined independently into sublevels that have again a size of at
most a fixed ratio of the number of vertices in L;. We stop this procedure if all levels have the
cardinality one.

To compute the initial level partition, P. Klein [24] made use of the fact that the intersection
of the neighborhoods of two nonadjacent vertices of a chordal graph induces a complete graph.
This is not true in general. Therefore we have to develop an elimination procedure which
works for any graph.

We proceed as follows:

1. We compute a maximal clique C on those vertices which have a larger degree than 2/3|V|.
Suppose C = {z1,...,z1}

2. For i =1,...,k, we set L :== {v € V\C|forallj <1, z;v € Fand z;v ¢ E} for

each 2 = 1,...,k. Clearly each L; has a cardinality of at most 1/3|V| and M = {v €
V\C|Vz € C, vz € E}.

3. We compute the connected components Mj, ..., M, of G restricted to M and let M, be
that connected component with the largest cardinality. Let Lyy; = M;, fori =1,...,p—1

4. To refine M,, we compute a spanning tree T" for M,. We select a vertex r of M), as root
and compute the enumeration (u1,...,u,) of a postordering with respect to T (see [35]).
v € My \ {r} is set into Ly pii—1 if ¢ is the maximum index such that vu; € E and r is
set into Lgqpig-

5. We set Lipjpyq+1 = {Tr_it1}.

It is easily checked that the levels L1, ..., Lj have a cardinality of at most 1/3|V'|, the levels
Lit1, ..., Lgtp—1 have a cardinality of at most 1/2|V|, and the levels Li4,, . . ., Liyptq—1 have

a cardinality of at most 2/3|V| (note that all common neighbors of C have a degree of at most
2/3|V|.

The following fact can be interpreted in such a way that the ordered partition (L1, ..., Loptptq)
is an approximation of an ordering satisfying P2.

Fact 1 Suppose a € L;,b € Lj,c € L;,+ < j <, and ac € E,b. ¢ E. Then there is a vertexr
b € Ly withat € E, bV’ € E, and ' > j.

To refine the level with maximal index, we only have to apply above procedure.

To refine any other level, say L; into sublevels L; 1, ..., L; ,, such that the requirements of
1 are satisfied, we can proceed as in [24].

Let G; = (Vi, E;) with V; = Ly U {z|3y € L;, 2y € E and « € L; for some j > i} and
E; ={zy € Elz,y € V;, x € Ly ory € L;}. Let S; be the set of those vertices in V; with at



most 2/3|L;| neighbors in L; (sparse vertices) and D; be the set of those vertices in V; which
have more than 2/3|L;| neighbors in L; (dense vertices).

Let B; be the union of all connected components of S; which contain at least some vertex
in some L; with j > . Let L? be the set of all vertices in L; which are in B; or adjacent to
some vertex in B; and L} be the set of vertices in L; which are not adjacent to some vertex in
B;.

If L? has a size greater than 2/3|L;| then we refine the level L? as follows:

1. We compute a spanning forest F; for B; consisting of the trees Til, oL TT

2. For each such tree Tij , we choose root Rf which is in some L; with ¢’ > 4 (note that such
a vertex R; ever exists).

3. We compute the concatenation (uj,...,us) of postorders of the trees Tf

4. For any v € L?, we put v into L; j if uj is the neighbor of v in B; with the largest index
J.

5. The new levels are L}, Lij,7=1,...,s. L} is that level with the smallest index.

Now we suppose that L is of size greater than 2/3|L;|. Note that all vertices in L? or in
some L; with j > 7 which have neighbors in L} have more than 2/3|L;| neighbors in L; and
are therefore in D;. To get a refinement of L}, we first fix some enumeration (vy,...v;) of all
vertices in D; which are in L? or not in L;. We set L; j = {v € L}|vv; € Eand for all j' <
J, vujr € E}. All these levels L; ; are of cardinality at most 1/3|L;].

To refine the set M; of all vertices in L} which are adjacent to all vertices v;, we apply the
initial procedure to create a first refinement to G restricted to M;.

Note that fact 1 remains true and all levels have a cardinality of at most 2/3|L;|.

Before we can make a complexity statement, we have to consider the complexity to compute
an wnclusion mazimal clique.

Theorem 2 A mazimal clique can be computed by an EREW-PRAM in O(log®n) time using
O(n +m) processors.

Proof: We proceed in a similar way as in the maximal independent set algorithm of Gold-
berg and Spencer [22].

To make the paper more self contained, we repeat the algorithm of Goldberg and Spencer.

The main subprocedure is FIN DSET which computes an independent set I such that
LUND)] > (1/2 = o(1))(n +m).

We apply FINDSET to the original graph, remove all vertices of I U N(I) and apply
again FINDSET to the rest. This is done O(logn) times.

The procedure FIN DSET works as follows:

At each step, the remaining vertex set is partitioned into color classes, which all are inde-
pendent sets, and uncolored vertices.

Initially, each vertex forms a color class.

Denote the degree of a vertex x by deg(z). The weight of a vertex set X is defined a

o(X)=3ex(1+deg(z)).



If there is a color class C™ such that o(N(C*)) > (n + m)/logn then we we delete all
vertices is C* U N (C”) and add C* to the independent set I (Phase 1).

If we do not find such a C* then we enter phase 2 defined as follows:

We suppose the color classes are Cy, ...,Cr_1. We partition the pairs (4,7),2=0,...,k—1
as follows:

If & is even then

index(i,7) = (1 + j) mod(k — 1), mboz fori,j # k — 1

and
index(k —1,7) =index(j, k — 1) = 25.

If k£ is odd then
index(i,7) = (1 4+ j) mod k.

Fact [22]: If index(i,j) = index (7', j') then the unordered pairs {i,7} and {i',j'} are equal
or disjoint.

We find a suitable index I and mix all pairs C;, C; with index(7, j) =1 as follows:

We compare the weights of C; N N(C}) and and of C; N N(C;). Suppose C; N N(C;) is of
smaller weight. Then we uncolor C; N N(C};) and make (C; N Cj) \ (C; N N(Cj)) a new color
class.

An index [ is considered as suitable if the weight of the set of uncolored vertices is minimal.

The whole procedure FIN DSET stops if there is only one color class.

To turn the algorithm of Goldberg and Spencer into an algorithm to compute a maximal
clique, we proceed as follows. Color classes are pairwise disjoint complete sets. To check some

weight constraints, we have to compute the degree deg’(z) of any vertex in the complement of
G. Clearly deg'(z) = n — deg(z) — 1. We define the weight of a set C as ¢/(C) = Zpec(1 +
deg' ().

Instead of computing the neighborhood of a color class C;, we have to compute the set J;
of vertices that are adjacent to all vertices in C;. This can be done by computing, for each
v and each C; with an edge vy € E with y € C;, the number of neighbors of v in C;. If this
number coincides with |C;| then v belongs to J;.

For all ¢ simultaneously, J; can be computed in O(logn) time using O(n + m) processors.

Let N'(C) be the neighborhood of C' in the complement of G.

To check whether phase 1 can be applied to C;, we have to compute the weight o'( N'(C;)) of
N'(C;). Note that N'(C;) = V\(C;U/J;). Therefore o' (N'(C;)) = o/ (V) —0c'(C;)—o'(J;). Note
that the number of pairs (¢, ) with € J; is bounded by m. Therefore for all ¢ simultaneously,
o' (J;) can be computed in O(logn) time using O(n + m/logn) processors. The values o' (C;)
can be computed, simultaneously for all 7, in O(logn) time with O(n) processors.

The step to delete C; and all vertices in N'(C;) is the deletion of all vertices which are not
in J;. This can be done in O(logn) time using O(n) processors by checking whether z is in J;.

Instead of finding a partition of the color classes that minimizes the weight of the uncolored
vertices, we find a partition which maximizes the weight of the set of vertices which remain
colored.

For each 4, we compute the weight w; ;) of the nonempty sets J; N C; in O(logn) time
with O(n 4+ m) processors. The set of vertices of C; U C; which remain colored is 'wfi’].-) =

o'(C;) + wy; j). We have the choice to uncolor vertices in C; or to uncolor vertices in C;. To



minimize the weight of uncolored vertices or to maximize the weight of colored vertices, we
consider the maximum wy; = max(w(iﬂij(j’i). Now we have no direct access to the pairs
(¢,7) such that C;NJ; =0 and C; N J; = () if we want to restrict the number of processors by
O(n +m). For such pairs, the C; or C; with the maximum weight remains colored. To find
the sum of weights of such color classes, we first sort the color classes C; with respect to their
weights (in O(logn) time with O(n) processors [8]). We consider now the set S; of all ¢ such
that for that j with index(%,7) =1, ¢ > j. If k is odd then that are those ¢ with [/2 <7 <1
and those ¢ with (k +1)/2 < i < k, i.e. of the intervals [[/2,]) and [(k +1)/2,k). If k is even
then S consists of those s withi =k —1orl/2<i<lor (k+1—-1)/2<i<k—1,1ie of the
intervals (1/2,1) and ((k+1—1)/2,k).

For each pair C;, C;, C; is a maximum weight class modulo index(z, 7) if the weight of C;
is at least as large as the weight of Cj.

To compute the weight of the set of vertices which remain colored if we choose those
pairs with indez(7,j) = I, we compute the sum of weights of the maximum weight classes
modulo [ and for each pair ¢, j with (C; N J;) U (Cj N J;) # 0 and index (4, j) = 1, we add the
difference d”(7,1) of w;’j and the maximum weight of the color classes C; and Cj. Note that
the number of pairs ¢, j with (C; N J;) U(C; N J;) is bounded by m. Therefore it is possible, to
compute, for all such pairs 7, j simultaneously, the maximum weight m(z, j) of C; and of C; in
constant time with O(m) processors. We get the same time and processor bound to compute
d(1,1) = d(i,indez(1,7)) = w"(1,7) — m(7, 7). It remains to compute the sum of weights of the
maximum weight classes modulo [, for all [ simultaneously. For this purpose, we compute the
prefix sums Sum; = ¥;j;0'(C;), for all ¢ = 0,...k — 1 simultaneously, in O(logn) time with
O(n/logn) processors (see for example [20]). Using the fact that S; is ever a union of two
intervals, we get the sum of the weights of the maximum weight classes modulo [ in constant
time with O(n) processors, for all I simultaneously.

Therefore we can execute phases 1 and 2 in O(logn) time with O(n + m) processors.

Now we only have to follow the arguments of [22] to get a time bound of O(log®n) to
compute an inclusion maximal clique.

a

Putting above elimination algorithm and last theorem together, we get the following.

Theorem 3 The enumeration of an ordering satisfying property P1 can be computed by an
EREW-PRAM in O(log*n) time using O(n +m) processors.

An immediate consequence is the following.

Corollary 1 For any graph which does not contain a cycle of length greater than four, a house,
or a guitar as an induced subgraph, a semi-perfect elimination ordering can be computed by an

EREW-PRAM in O(log*n) time using O(n+m) processors.

5 An Efficient Parallel Breadth-First Search Algorithm for
Graphs without Houses and without Cycles of Length Greater
than Four

P. Klein’s parallel breadth first search algorithm for chordal graphs computes a breadth first
search tree by setting, for each vertex the largest neighbor with respect to a perfect elimination

10



ordering as its parent. We shall see that the following algorithm computes a breadth first search
tree of a chordal graph without the use of a perfect elimination ordering,.

Algorithm BFC:

1. Compute a spanning tree T for the graph G = (V, E).

2. Compute the enumeration (ug, ..., u,) of a postorder on 7.

3. L; = {v]¢ is the maximal index such that vu; € E} and L,y1 = {u,}.
4. Let p(v) be the maximum ¢ such that v has a neighbor in L;.

5. The parent P(v) is a vertex w € Ly, with a maximum number of neighbors in Uj>p(v) L;.

The following extended result is true.

Lemma 5 The tree Tp constructed in algorithm BFC s a breadth-first search tree if G =
(V, E) has no house and no cycle of length > 4 as an induced subgraph.

Proof: If x € L;, y € Lj, and = < j then we write also z < y. Wesay z < y iff z € L;,
y € Lj, and 7 < j.

Clearly v < P(v). By construction, if zy € F and y # P(z) then y cannot be an ancestor
of z.

Let r be the root of T, and therefore also the root the tree Tp with parent function P.

Let M; be the set of vertices with distance 2 from r in Tp. To prove that P is the parent
function of a breadth-first search tree, we have to prove that if zy € F, z € M;, and y € M;
then |7 — j| < 1.

We prove this indirectly. Assume zy € F, © € M;, y € M;,and j —1 > 2. Moreover we
assume that j is a maximum index, such that there is an 2 with 7 —2 > 2 and there are x € M;
and y € M; with zy € E (j satisfies the mazimality condition).

Claim: P(z)P(y) € E.

Proof of Claim: Since j —i > 2, y < P(z). We consider two cases:

1. P(y) < P(z): Note that z < y < P(y) < P(z). That means there is an [ such that
P(z), P(y) € U;j>; Li and z,y € U;~; L;. Therefore z and y are not neighbors of the set
S; = {uy,...,un} and P(z) and P(y) are neighbors of S;. Note that S; induces a subtree
of T" and therefore a connected subgraph of G. Therefore there is a path p from P(z) to
P(y) such that all inner vertices are in S;. P(z),z,y, P(y) together with p forms a cycle
C of length greater than four. We an assume that p has no chord. Therefore the only
chord of C' is P(z)P(y) and such a chord must exist, because we assume that G has no

cycle of length greater than four as an induced subgraph.

2. P(z) < P(y): Note that + < y < P(z) < P(y), P(P(z)). Then we find an [ such that
z,y & U;>; Li and P(z) € L;. Therefore z and y are not neighbors of u; and P(z) is
a neighbor of u;. Note that P(z) < wu;. Therefore we find a k such that z,y, P(z) ¢
Uisk Li and P(y),uw; € U;si Li. Therefore P(y) and w; are in the neighborhood of
Si = {ug,...,u,} but z,y, P(zx) are not in the neighborhood of Sj,. Since Sy, is connected,
there is a (chordless) path p from P(y) to u; with inner vertices in Sg. P(y),y,z, P(x),u;
together with p forms a cycle C.
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Assume P(y)P(z) € E. Since even a chord yu; does not exist, we are forced to choose
chords P(y)u; or yP(x). But if we choose only the chord P(y)u; then we still have
an induced cycle P(y),u;, P(z),z,y of length greater five, and if we have only the chord
yP(x) then P(y),y, P(z),u; together with p forms an induced cycle of length at least five.
Therefore both possible chords of C' must exist as edges. But then {z,y, P(y),u;, P(x)}
induces a house. This is a contradiction.

O (Claim)

Note that P(z) € M;y1 and P(y) € Mj;1. The fact that P(z)P(y) € E leads to a
contradiction to the maximality condition of for j.

O(Lemma)

Note that all steps of the algorithm BFC with the exception of the first step can be executed
by an EREW-PRAM in O(logn) time using O(n+ m)/logn processors. The first step can be
done by a CRCW-PRAM in O(logn) time with O(n + m) processors [33]. Therefore we get

the following result.

Theorem 4 Suppose G s a graph not containing the house or a cycle of length greater than
4 as an induced subgraph. Then a breadth-first search tree can be computed in the same time
and processor bound as a spanning tree, i.e. in O(log2 n) time with O(n+m) processors on a

EREW-PRAM or with the same processor bound in O(logn) time on a CRCW-PRAM.

The depth-first search tree algorithm of P. Klein cannot be improved in the same way. It
remains an open problem to compute a depth first search tree efficiently in parallel for certain
graph classes beyond chordal graphs or planar graphs.

6 Conclusions

We did not give a characterization of graphs having a semiperfect elimination ordering. It
is also not clear how to check efficiently (with a linear processor number in polylogarithmic
time) that the ordering we just computed is a semiperfect elimination ordering. It might be
an interesting problem to check efficiently 9in parallel) that a given ordering on the vertices
of a graph is a semiperfect elimination ordering.
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