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A graph is called chordal if every cycle of length greater than three has two
nonadjacent vertices which are joined by an edge.
generalization of interval graphs (vertices are a collection of intervals, two
intervals are joined by an edge if they intersect). Moreover chordal graphs

Abstract

Chordal graphs are nothing else than intersection graphs of sub-
trees of a tree. We present nearly optimal algorithms for certain graph
problems if the input graph is given by a collection of subtrees of a
tree and the subtrees are given by their leaves. This generalizes re-
sults of Olariu, Schwing, and Zhang [14] and Chen [4] concerning the
parallel complexity of problems on interval graphs provided the in-
terval structure is given. We present first parallel algorithms that
construct a breadth-first search tree and a breadth-first search tree.
These algorithms need a linear processor number with respect to the
size of the input. The time is logarithmicly bounded. The basic idea
to compute a breadth-first search tree and to compute a depth-first
search tree is to order the tree nodes in post-order and to determine
a perfect elimination ordering by sorting all subtrees with respect to
the post-ordering of the roots. For the computation of a breadth-first
search or a depth-first search tree, we compute for each tree node, the
maximum subtree or the minimum non root subtree that contains the
tree node. Next we consider the problems Maximum Independent Set
and Covering by Cliques. Both problems can be solved in a quadratic
logarithmic time bound with O(m/logm) processors, where m is the
size of the sparse tree representation of given chordal graph, i.e. the
sum of the number of leaves of all subtrees of the tree representation
of given chordal graph. Here we use a procedure that is similar to
tree contraction that uses the same procedure for interval graphs [14]
as a subprocedure. We also prove that Minimum Coloring and Maxi-
mum Clique can be solved in logarithmic time using a linear number
of processors. To find a maximum clique and a minimum coloring, we
compute, by tree contraction, for any tree node, the size of the clique
it corresponds to, i.e. the number of subtrees of the tree representa-
tion the tree node belongs to. Finally we consider the problem to find
a minimum dominating set in a directed path graph.

Introduction
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Chordal graphs are a



are exactly the intersection graphs of subtrees of a tree [11], i.e. the vertices
are subtrees of a fixed tree and two subtrees are joined by an edge if they
have a common tree vertex.

Olariu, Schwing, and Zhang [14] considered the parallel complexity of
several graph problems on interval graphs if the interval structure is given.
They found out that the processor time product of minimum clique cover,
maximum independent set, etc. can be bounded by O(n)logn where n is the
number of intervals.

Note that subtrees of a fixed tree are uniquely determined by their leaves.
A generalization of the considerations of Olariu, Schwing and Zhang is that
the input is a tree and a collection of subtrees and the subtrees are given
by their leaves. We call this representation of chordal graphs the sparse
tree representation. If for example the input graph is a path graph, i.e.
the subtrees are paths, then the sparse tree representation is of size O(n).
In so far optimal parallel algorithms for chordal graphs in their sparse tree
representation induce also optimal parallel algorithms for path graphs and
interval graphs in their path or interval representation respectively.

As [12] we even consider the problem of the computation of a depth-first
search and a breadth-first search tree.

Afterwards we consider the problems to find a maximum independent set,
a minimum clique cover, and a minimum coloring.

Finally we consider the problem to find a minimum dominating set. This
problem is NP-complete even for chordal graphs but can be solved efficiently
for strongly chordal graphs [10]. One problem is that the it is not easy to
check whether a collection of subtrees represents a strongly chordal graph.
That is the reason why we consider only the problem to find a minimum
dominating set for directed path graphs.

In section 1 we introduce the notations and basic concepts used in this
paper. In section 2 we state some basic algorithms which are used in the
whole paper. In section 3 we develop optimal parallel algorithm to compute
a breadth-first search tree and to compute a depth-first search tree for a
chordal graph in sparse tree representation. Section 4 discusses the paral-
lel complexity of minimum clique cover and maximum independent set. In
section 5 we consider the parallel complexity of Maximum Clique and Min-
imum Coloring. In section 6 we present a parallel algorithm that finds a
minimum dominating set of a directed path graph in polylogarithmic time
with a linear processor number with respect to the number of the size of the



path representation.

1 Notation

A graph G = (V, E) consists of a vertex set V and an edge set E. Multiple
edges and loops are not allowed. The edge joining x and y is denoted by zy.

We say that x is a neighbor of y iff xy € E.

A tree is a cycle free connected graph. A rooted tree is a directed graph
whose underlying undirected graph is a tree with a distinguished vertex r
(the root) such that for any vertex v in 7', there is a directed path to 7. The
unique vertex v', such that (v,v') is a directed edge in the rooted tree T, is
called the parent of v in T. v is called a child of v' if v/ is the parent of v. In
general, v is an ancestor of v iff there is a directed path from v to v' in T". v
is also called a descendent of v'.

A subgraph of (V, E) is a graph (V', E") such that V! C V, E' C E.

An induced subgraph is an edge-preserving subgraph, that means (V', E')
is an induced subgraph of (V. E) iff V! C V and E' = {zy € E: x,y € V'}.

A graph (V| E) is chordal iff each cycle (zq...x,_12¢) of length greater
than 3 has an edge z;,2; € E,j — i # £1 mod k (which joins vertices which
are not neighbors in the cycle).

A subset V” of the vertex set V' is complete iff all vertices of V' are pairwise
joined by an edge.

An inclusion-maximal complete set is called a (mazimal) clique.

Note that chordal graphs are a generalization of interval graphs, i.e. in-
tersection graphs of intervals in the real line. The following characterization
of chordal graphs due to Gavril [11] and Buneman [3] is essential for the
whole paper.

Theorem 1 A graph G = (V, E) is chordal iff it is the intersection graph of
vertices of subtrees of a tree, i.e. there is a tree T and a collection S = {T, :
v €V} of subtrees of T such that vw € E iff the subtrees T, and T, have a
common vertex of T.

We call (T,S) a subtree representation for G.
A graph is called a path graph if it is the intersection graph of paths of a
tree.



A graph is called a directed path graph if it is the intersection graph of
directed paths of a rooted tree. The tree together with the collection of paths
is called a directed path representation.

In the whole paper, we assume that G = (V, E) is given by its corre-
sponding tree structure (7,S). Moreover we assume that any tree in S is
given by its leaves, i.e. by its vertices of degree one.

Let m be the sum of the number of vertices of 7" and the number of leaves
of subtrees in §. A vertex appearing as a leaf of k& subtrees in § is counted
k times.

The parallel computation model in this paper is the concurrent read ex-
clusive write parallel random access machine (CREW-PRAM).

2 Basic Algorithms

The first to be done is to change the input data structure in such a way that
we can deal easily with the remaining problems.

We assume that the main tree 7' is given in such a way that each non
root vertex has a pointer to its parent and a pointer to an array listing
all children. The subtree T, with leaves [y,...,l; is realized as an array
containing [y, ..., .

First we compute, for each subtree T, represented by its leaves, the set
T of vertices of T, which have more than one child in 7),. The vertices in 7},
are just those vertices in T, that are least common ancestors of two non root
leaves of T,,.

We make use of the following result of Schieber and Vishkin [15]:

Lemma 1 The least common ancestors of m pairs of vertices of a tree T with
n vertices can be computed in O(logn) time using O(n+m)/logn processors.

To compute 77 for a subtree T, with k leaves, we have to take care that
we have to compute only O(k) least common ancestors.
We proceed as follows:

1. Let L, be the set of leaves of T,. If the root of T}, is a leaf of T, then
we erase it from L,,.

2. We compute on 1" a preorder and sort L, with respect to the preorder.



3. We compute the least common ancestors of those vertices in L, which
are adjacent with respect to the preorder sorting.

The first step to check whether the root of T, is in L, is done as follows:

We select the vertex r in L, with the smallest distance from the root of
T and check whether it is an ancestor of all remaining vertices in L,.

The distances of all vertices of T to the root can be computed in O(logn)
time using O(n/logn) processors using Eulerian cycle techniques [16] com-
bined with an optimal list ranking algorithm [6]. The vertex r of L, with the
minimum distance to the root of T' can be determined in O(log k) time using
k/logk processors. For all vertices in L, simultaneously it can be checked
whether r is an ancestor of all remaining vertices in L, can be checked in
O(logk) time using O(k/logk) processors after an O(logn) time O(n/logn)
preprocessing on 7' [16].

L, can be sorted with respect to preorder in O(logk) time using O(k)
processors [3]

Therefore the overall complexity to compute all vertex sets 7! are O(n +
Yyev|Ly|) processors and O(log(n + X,ev|Ly|)) time, i.e. O(m) processors
and O(logm) time.

Another step is to transform 7T into a binary tree. This can be done by
the following standard method. Suppose ¢q,...,c, are the children of the
vertex t. If t has at most two children then nothing is changed. If ¢ has more
than two children then we introduce new vertices t¢s,...,%,_ 1. The parent of
cpist, fore=2,...,k — 1, the parent of ¢; becomes t;, and the parent of ¢
is tkrfl-

We have to take care that the smallest subtree of 7' containing the set
L, of leaves of T, still contains all vertices in T,. If the root of T} is in L,
then we are done. Otherwise we have to determine the root of T, as the least
common ancestor of all vertices in L,, which is nothing else than the least
common ancestor of a pair of vertices in L, with the smallest distance to the
root of T'. In that case we add the root of T, to L,.

Such a procedure can be implemented in O(logm) time using O(m/ logm)
Processors.



3 Breadth-first and Depth-First Search

We first review the algorithm of P. Klein [12] to compute a breadth-first
search and a depth-first search tree. We assume that a perfect elimination
ordering < on the vertices of GG is known, i.e.

ifr<yr<z rxye E, and vz € F then yz € F.

A depth-first search tree is determined by the parent function

P(z) = 1n<in{y|.7:y €E x<y}
and a breadth-first search tree is determined by the parent function
Q(x) = m<ax{y|17y € E}.

Suppose a subtree structure (T, {T,|v € V'}) for the chordal graph G =
(V,E) is known. Then we can determine a perfect elimination ordering as
follows:

1. We sort the vertex set of T in reversal order with respect to the dis-
tances to the root of T'.

2. We sort the vertices v € V' with respect to the numbers of the root of
T,.

It can easily be checked that such a sorting of V' determines a perfect elimi-
nation ordering.
A breadth-first search tree can therefore be determined as follows:

1. For any v € V, let r, be the root of T,.

2. Q(v) is the maximal vertex w with respect to the above sorting, such
that T, contains r,.

A depth-first search tree can be determined as follows:
1. Let r, be the root of T,,.

2. If v is not the maximum vertex w with r, = r, then P(v) is the

immediate successor of v with respect to above sorting of V.



3. If v is the maximum vertex w with r,, = r,, then P(v) is the minimum
vertex z such that r, € T, and r, # r,.

Therefore to determine a breadth-first search tree and to determine a
depth-first search tree can be reduced to the problem to determine for each
vertex t of T, a the maximum w such that ¢ € T,, (Maximum Membership)
and the minimum z such that ¢ € T, and r, # ¢ (Minimum Membership)
respectively.

We assume that for any vertex v, the leaf set L, and the root r, of T,
and a perfect elimination ordering as described above are known.

We can reduce the problems Maximum Membership and Minimum Mem-
bership to the same problem restricted to directed path graphs:

For each t € L,, we introduce a path [t,r,] and we improve the perfect
elimination ordering in such a way that for any v, the paths [t,r,] with t € L,
appear in consecutive order, i.e. we sort all [t,r,] with t € L, with respect
to the given perfect elimination ordering on V.

Note that a maximum (minimum) [t', r,] such that ¢ is on the path [t', r,]
corresponds to a maximum (minimum) 7;, such that ¢ € T;,. Therefore above
reduction reduces Maximum membership and Minimum Membership cor-
rectly to Maximum Membership and Minimum Membership restricted to
directed path graphs. Moreover this reduction can be done by O(m) proces-
sors in constant time.

Now we assume that a binary tree 7' and a collection of root directed
paths {[s,, r,]|v € V'} is given.

Maximum Membership can be solved very easily:

We initially let F(t) = maz{v|s, = t}. Inductively, we set

G(t) = max{F(t),G(t,), G(t2)}

where t; and ty are the children of ¢. G(t) is the maximum path such that ¢
is a member. G(t) can be computed simultaneously for all vertices t of T" in
O(logm) time using O(m) processors by tree contraction [1].

Minimum Membership can be reduced to the evaluation of a sequence of
Insert(x, A), Delete(x), Union(A, B), Min(A) [2].

The vertices of T' correspond to the sets. Let t;,7 = 1,...,n be an enumer-
ation of the vertices of T" in reversal order with respect to the distance from
the root. At each step 7, we execute a couple of operations Sy, corresponding
to the vertex t;.



Let t be a vertex of T" with children ¢,,t5. Then .S; is the sequence of the
following operations:

A; = Union( Ay, Ay,), (Insert(v),s, =1t),

(Delete(v) : 1, =t), Min(Ay).

Min(A;) is just the smallest path [s,,7,] containing ¢ and not having t as

root. By [2], we can execute this step in O(logm) time using O(m ) processors.

Note that the length of the concatenation of the sequences S; is O(m).
Therefore:

Theorem 2 If a chordal graph G = (V, E) is given as a collection of subtrees
of a tree and the subtrees are given by their leaves then a breadth-first search
and a depth-first search tree can be computed in O(logm) time using O(m)
PrOCessors.

4 Maximum Independent Set and Covering
by Cliques
First we state the problem Covering by Cliques:

Input: A chordal graph

Output: A minimum cardinality set of maximal cliques of G that covers all
vertices of G.

Note that for any vertex t of 1", the vertices v with t € T, form a complete
set. Moreover, for any complete set C' of vertices in G, there is a vertex ¢ of
T such that t € T, for all v € C.

Therefore covering by cliques is equivalent to the problem to find a min-
imum cardinality set 7" of vertices of 1" such that for any v € V', there is a
teT" witht e T,.

We can solve the problems Covering by Cliques and Maximum Indepen-
dent Set by the following procedure (I do not make any statements on the
complexity): Repeat



1. Add all leaves of T' to COV ER that are roots of any T, and add for
each new t € COV ER some v to Independent such that the root r, of
T, is t.

2. Erase all v from V such that T, contains some t € COV ER.
3. Erase all leaves of 1" from T'.

until 7" is empty.
Our aim is to parallelize this procedure by a tree contraction technique.
We use a tree contraction scheme of [13] and [1].
number the leaves of T' from left to right;

Repeat

1. erase each odd numbered leaf that is a left child;
2. identify each vertex with one child with its child;
3. erase each odd numbered leaf that is a right child;
4. identify each with one child with its child;

5. renumber the leaves from left to right;

until 7" is empty.

We simulate the procedure to solve Maximum Independent Set and Cov-
ering by Cliques as follows. Note that in the algorithm, each node of T
corresponds to a chain of nodes of the initial tree 7. We denote the initial
tree T" by Ty. Each node t of T has a pointer to a list [; of nodes of Tj.
Initially /; consists of the node t. We assume that, for any v € V', the set L,
of leaves and the root 7, are known. The idea of the algorithm is that for
any leaf t, the problems Covering by Cliques and Maximum Independent Set
are solved on for the intervals corresponding to subtrees with the root in ;.
Afterwards all subtrees T, which contain a node t of Ty corresponding to a
cover clique are erased. That means if a leaf t of T is erased the we execute
the algorithm of Olariu, Schwing, and Zhang [14].

To make the paper more self contained, we give a short description of the
algorithm of Olariu, Schwing, and Zhang;:

The input is a set S of intervals [s,,7,] of the real line.
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1. We compute an interval Iy = [r,, s,| such that r, is minimal.

2. For each interval [s,,7,] € S, let right[s,,r,]| be an interval [s,,, 7] € S
such that r, < s,, and r,, is minimal.

3. A maximum independent set Independent is determined by multiple
application of right to Iy and a minimum covering by cliques is deter-
mined by taking all r,, into Cover such that [r,, s,,] € Independent.

Olariu, Schwing, and Zhang proved that this algorithm can be implemented
in O(log |S|) time using |S| processors. It is easily seen that in case of interval
graphs, this procedure does the same as above general procedure to compute
a Covering by Cliques.

The algorithm to compute a maximum independent set and a minimum
clique cover for any chordal graph in sparse representation works as follows:

For any t € Ty, let Sy ={v eV

repeat:

teL,} and Ry :={v e V|r, =t};

1. for each odd numbered leaf ¢t of 7" which is a left child:

(a)
(b)

()
(d)
(e)

(f)

(2)

number the elements of the list [; by a list ranking;

compute a covering C; by cliques and a maximum independent set
I, for those v € V with r, € I; by the algorithm of [14] (note that
this is the computation of a maximum independent set and of a
covering by cliques in an interval graph);

add C; to COVER and I; to INDEPENDENT;
compute the t' € C; with the largest number;

for v € Uselt,s is a descendent of t’ Ss,
erase v from V and any set Sy, t' € L, and from R,,.

if t” € 1, is a proper ancestor of ' and t” € L, then :
erase t” from L, and add the first element fP(t) of the list Ip
of the parent P(t) of t in T to L,; add v to Sfppy;

erase t from 7T

2. for each node t of T" with exactly one child ¢;, concatenate the list /;,
with the list [;, make the parent of ¢ the parent of ¢; and erase t from

T

11



3. for each odd numbered leaf ¢t which is a right child:

(a) number the elements of the list /; by a list ranking;

compute a covering C; by cliques and a maximum independent se
b put ing C; by cliq d ' independent set
I, for those v € V with 7, € I; by the algorithm of [14] (note that
this is the computation of a maximum independent set and of a

covering by cliques in an interval graph);
(c) add C; to COVER and I; to INDEPENDENT;,
(d) compute the ¢ € C; with the largest number;

(e) for v e Usel,,s is a descendent of t’ s
erase v from V and any set Sy, t' € L, and from R, .

(f) if t” € I is a proper ancestor of ' and ¢ € L, then :
erase t” fromL, and add the first element fP(t) of the list [p() of
the parent P(t) of t in T to L,; add v to Sfpg;

(g) erase t from T

4. for each node t of T" with exactly one child ¢;, concatenate the list /;,
with the list /;, make the parent of ¢t the parent of ¢; and erase ¢t from
T;
until 7" is empty;
output COVER and INDEPENDENT.

Following the argument that the algorithm of [14] correctly simulates
the first Maximum Independent Set and Covering by Cliques algorithm, it
is easily seen that last algorithm simulates first Maximum Independent Set
and Covering by Cliques algorithm correctly.

The complexity can be checked as follows:

The depth of the loop is O(logn) [1] where n is the number of vertices of
T.

The concatenations of lists /; need an overall time of O(logn) and an over-
all processor number of O(n/logn), because one concatenation step needs
one time unit and the overall processor and time bound is the same as the
processor and time bound for tree contraction [1].

The number of insertions of v into some S; is bounded by O(logn) si-
multaneous insertions of k elements v into some S; needs O(logk) time and
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O(k) workload. Therefore we can bound the time for insertions of elements
v € V into sets S; by O(log? m) and the processor number by O(m/logm).

Erasing v from V' and S; needs constant time. The overall complexity for
these kind of operations is therefore O(logm) time and O(m/logm) proces-
SOTS.

Let S; be the set of (nonerased) v such that the root r, of T, is in the
list l;. Then Covering by Cliques and Maximum Independent Set restricted
to the interval structure S; can be solved in O(log|S;|) time with O(|Sy|)
processors. Since each v € V' appears only in one &;, the overall complexity
of the applications of interval graph Maximum Independent Set and Covering
by Cliques is of O(m/logm) processors and O(log®m) time.

Therefore:

Theorem 3 For chordal graphs in sparse representation of size m, Maxi-
mum Independent Set and Covering by Cliques can be solved in O(log2 m)
time using O(m/logm) processors.

5 Minimum Coloring

First we compute, for each vertex t of 17", the number of T, with ¢ € T},. This
gives us also a solution of the maximum clique problem. We assume that for
any v € V, the set L, of leaves of T, and the set T}, of vertices of T, is known
which have both children in T), i.e. which are least common ancestors of
some vertices in L,,.

We determine, for each t € T', the number /; of v € V such that t € L,UT},
the number 7; of v € V' such that t is the root of T}, and the number [; of
v € V such that t € T7.

For all leaves t of T', [; is the number ¢; of v € V with t € T,.

Let t be a nonleaf vertex with the children ¢; and t,. Then the number
¢ of v e Vwitht € T, is ¢;; — 1y, + ¢, — 1, + 1 — I} Note that ¢;, — 7y, is the
number of v € V such that ¢t and ¢; are in 7,. This number has to be added
to l;. To mind that a v € V' is counted twice we have to subtract .

Such a procedure can be done by tree contraction in O(logm) time using
O(m/logm) processors.

We begin with a first rough algorithmic description to compute a mini-
mum coloring on V.

13



1. determine the maximum size x of a clique and make a vertex of T
corresponding to a maximum clique the root of T

2. for each vertex t of T, sort the clique Cy = {v € V|t € T,,} correspond-
ing to t to a sequence S* in such a way that first those v € C; appear,
such that ¢ is not the root of T}.

3. for each vertex t' of T with ¢ as its parent, sort C; to a sequence S;,
such that those v € C} appear first that also appear in Cy;

4. for each v € V with root r, and with index ¢ in the sequence 5™, deter-
mine the first ancestor ¢/, with parent ¢, such that C;, has a cardinality
of at least i and let F(v) be the i element of S},

5. for any v € V, let G(v) be the o/ = F*(v) such that the root of T,/ is
the root of T';

6. color each v € V with the color of G(v).

Note that T, and T, are disjoint. Note that for any v with number 4
in S™, no C; between r, and t, has cardinality > i. Therefore no v’, such
that r, is between r, and t,, can have the property F(v) = F(v'). Since
t, € Tp), all Ty, such that r, is between ¢, and 7p(,), intersect T,y and
therefore F/(v') # F(v). Therefore if F(v) = F(v') then r, is not an ancestor
of r, and vice versa. Therefore if F(v) = F(v') then T, and T, are disjoint.
Moreover if r, is an ancestor of r, and G(v) = G(v') then v is of the form
F*(v'). Therefore if G(v) = G(v') then T, and T, are disjoint.

It remains to improve this algorithm to a parallel efficient algorithm with
respect to a sparse representation.

We assume that that 7T is binary and that for any v € V, the set L, of
leaves and the set T}, of two children vertices of T}, are known. In S;, we only
can number those v € C; which have t as its root. Just in the maximum
clique algorithm, we determined the number R; of those T, which have ¢ as
its root. Even we determined |C;|. Therefore we can determine the number
ny = |C¢| — Ry of those v € C} such that ¢ is not the root of 7,,. We number
all v with t = r, from n; + 1 upwards. Therefore S? restricted to those v with
t as root of T}, can be computed in O(logm) time using O(m) processors.

To find, for any v with number i in S, the first ancestor ¢, of r,, such
that the clique corresponding to the parent ¢, of ¢ has at least ¢ elements,

14



we use the same binary search strategy as in [8] to compute, for any edge
of a weighted tree, the first ancestor edge with a larger weight. This can be
done in O(logm) time using O(m) processors.

To determine F(v), for all v € V' with ¢/, = t', we proceed as follows:

1. Determine the maximum number in S™ such that ¢/ =#. Denote this
number by maxy.

2. Find maxy many v € V such that the parent ¢t of ¢’ belongs to T, but
not t' itself.

3. Determine an Sj-numbering for these 7.

First and third step can be done easily in O(log m) time using O(m/ logm)
processors for all ¢ simultaneously.

It remains to fill out the second step.

First we find as many v € V ast € L, and r, # t. If this are not enough
then we find as many v € V such that r, =t € L, and ¢’ is not an ancestor
of any s € L, with s # t, i.e. t is the only vertex of T, or the sibling ¢ of ¢’ is
an ancestor of some s € L, \ {r,}. This steps can be done in O(logm) time
with O(m)/logm) processors. If we still did not find enough v € C;\ Cy
then we have to find v € V such that some s € T} U L,, is a descendent of "
and some s’ € T, U {r,} is a proper ancestor of t.

It remains to find enough v € V such that T, passes the edge t"t of T,
t is not the root of T, and T, does not contain ¢'. This is equivalent to the
problem to find enough v € V such that t € 7! and T, passes the edge t"t of
T.

For each s € L, UT), \ {r,}, we determine the first ancestor P/(s) of s
in T} U L,. This can be done (in O(logm) time using O(m) processors) by
determining, for each s’ € T}, the left and the right immediate descendent of
s"in T!, i.e. by determining the immediate successor of s’ in T, with respect
to preorder on T and with respect to postorder on T

Let P)/(s) be the child of P)(s) that is an ancestor of s. We consider the
paths [s, P)/(s)] for all vertices s € T' s € T,. Note that any s € T, appears
in at least one of the paths [s, P/(s)].

To find enough T, passing t” and ¢ but not passing ¢’ and not having t as
root is equivalent to the problem to find the same number of paths [s, P"(s)]
passing t” and t.

Therefore it remains to solve the following problem:

15



Input: A binary tree T, a collection P of root directed paths on T, and a
labeling [ of the edges of T' by positive integers.

Output: For each edge e of T, find /(e) paths of P passing e.

Here we again use the tree contraction principle of [1]. Note that, in each
step, disjoint pairs of neighbor vertices are each unified to one vertex. We
define a new tree structure T'r with parent function Pa. Let t; and ty be
unified to a vertex t then ¢ is set to be the parent Pa(t;) = Pa(ty) of t; and
to.

This tree T'r has the following properties:

1. The depth of T is O(logm).
2. The leaves of T'r are the vertices of T

3. For each vertex tr of T'r, the leaves of the underlying subtree of ¢r with
root tr form a subtree of T'. We denote the set of leaves of the subtree
of Tr with root tr by Cl(tr) (the cluster corresponding to tr).

Note that for children ¢y and try of ¢tr in T'r, there is an edge ¢ty of T'
with ¢y € Cl(try) and ty € Cl(try). If t5 is the parent of t; then try is called
the larger child of tr and try is called the smaller child of tr. tits is called
the separating edge of tr and is denoted by ey,.

Step 1: We determine, for each root directed path [ti,s] of P, the least
common ancestor A(ty,ty) of t; and t5 in T'r.

Let tr be an ancestor of t; in Tr and a proper descendent of A(ty,%) in
T'r. Moreover, we assume that the smaller child ¢r; of tr is an ancestor of ;.
Then the path [t,ts] covers the path from ey, to the root of Cl(tr) in T .

We call the path of T" from e, to the root of Cl(tr) including e;,. also the
main path of tr and is denoted by my,.

Note that [t1, 5] is the union

1. of all my, such that the smaller child of ¢r is an ancestor of t; and tr is
a proper descendent of A(ty,t5) and

2. of an initial segment p of m 4, 4,).-
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Step 2: If [t1,t5] € P, tr and its smaller child 7, are proper descendents of
A(ty,t9) and ancestors of ¢, then we put [t1,t5] into the set M(tr), assigning
that [t, 5] covers the main path of tr.

Step 3 We put [t1,t,] into the set Part x4, +,) assigning that [tq, 5] par-
tially covers the main path of A(t,ts).

Step 4: For each vertex tr of T'r, we sort the paths [t,?] in Part;, with
respect to the distance of t5 to the root of T

Step 5. For each edge e on the main path of tr, we determine the number
n(e,tr) of [t;,ts] € Party,. such that ¢, is an ancestor of e, i.e. [t], 5] passes
e. This can be done by parallel prefix computation: Let ¢/ be the immediate
ancestor edge of e and let ¢ = t't". Then n(e,tr) = n(e tr) + |{[t,t2] €
Part(tr)|ta = t"}|.

Step 6: For each edge T-edge e = tty, we determine all ancestors of the
least common ancestor of ¢t; and ¢, in Tr and select those tr such that e is
on the main path of ¢r. Let ¢7{,... ,tr; be an enumeration of those tr. To
find I(e) paths passing through e, we continue as follows:

Set 1(e) = I(e);
fori=1,...,k, do:

L. If I1(e) > |M(tr¢)| then put all paths of M(tr{) into Path(e) and set
11(e) =11(e) — |M(trf)],
else put I1(e) paths in M(trf) into Path(e) and leave the loop.

2. If I1(e) > n(e,try) then then put the first n(e,trf) paths in Part(trf)
into Path(e) and set I1(e) = l1(e) — n(e,trf) else put the first I1(e)
paths of Part(trf) into Path(e) leave the loop.

Path(e) is the collection of /(v) paths passing e.

It remains to do a complexity analysis.

Step 1 can be done in O(logm) time using O(m/logm) processors since
the least common ancestor of at most O(m) pairs on a tree with O(m) vertices
can be determined in these bounds.

In step 2, we determine, for each ¢, all O(logm) ancestors (in O(logm)
time). Then we check, for each ancestor ¢r of ¢; whether it is a proper
descendent of A(ty,ty) and whether the smaller child is an ancestor of ¢; (in
constant time for each ¢; and each tr and therefore in O(logm) time with
O(m) processors for all [ty,ts] simultaneously). For each [ti,ts], we insert

O(logm) copies of [t1, 5] into sets M(tr) and therefore we have a time bound
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of O(logm) and a processor bound of O(m), since simultaneous insertion of
O(k) elements into sets needs O(logk) time and O(k/ log k) processors.

Step 3 needs O(m/logm) processors and O(logm) time.

Step 4 needs O(m) processors and O(logm) time because sorting of m
items needs tis bound [5].

Step 5 is a parallel prefix computation and is therefore bounded by
O(logm) time and O(m/logm) processors.

The loop of step 6 is applied O(log k) times. If we proceed straight forward
then each application of the loop needs O(logm) time. Note that the else
statements are applied only once. The then-part can be executed in that
way that in the loop, we only set a marker that all paths in |[M(#7¢) and
the first 1(e) paths in Part(tr{) have to be taken. The real insertion step
will be done for all marked items in parallel with I(e) processors in O(logm)
time and therefore, for all e simultaneously, we get a processor bound of
Y.l(e) < O(m) and a time bound of O(logm).

Therefore:

Theorem 4 For chordal graphs in sparse tree representation of size m, a
minimum coloring can be determined in O(logm) time using O(m) proces-
sors.

6 Domination Problems

Domination is the problem to find a minimum subset D of the vertex set of
a graph such that each vertex is a neighbor of some vertex in D or belongs
to D.

This problem is NP-complete, even for chordal graphs [10]. For strongly
chordal graphs, an efficient sequential algorithm is due to [10] and an efficient
parallel algorithm is due to [9]. The problem is that we have not an easy
characterization of subtree representations of strongly chordal graphs.

An interesting subclass of strongly chordal graphs are directed path graphs.
A graph G = (V,E) is called a directed path graph iff there is a rooted
tree 7' and a collection P = {P,|v € V'} of root directed paths such that
xy € E iff P, and P, share at least one vertex. (7, P) is also called the path
representation of G. Any path p in P is determined by its two border vertices
sp and t,. s, is the border vertex of p that is closer to the root of T'. s, is
also called the root of p.
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Our goal is to reduce Domination to the problem to find a minimum
number of paths in P that cover the whole tree.

For this reason, we eliminate all ¢ € T" that do not represent maximal
cliques. We first erase all vertices ¢ of T' that are not roots of some p € P,
i.e. all paths containing ¢ contain also the parent of ¢. This is done by the
following algorithm.

1. We mark all vertices of 1" that are roots of some p € P.

2. For any marked t € T', parent'(t) is the next proper ancestor of ¢ that
is marked.

3. The new tree T" consists of all marked vertices of T and is determined
by parent’ as parent function.

Lemma 2 With p' = pNT" and P' = {p'|p € P}, (T',P') represents the
same directed path graph as (T, P).

Proof: Trivially p’ is a root directed path in 7", for any p € P. Since p;
and po are root directed, p; and py share a vertex if the root of p; is in py or
the root of ps is in p;. Therefore if p; and py share a vertex in 7" then they
share a vertex in 7. O

Secondly, we erase those t € T such that there is a child ¢’ of ¢ with the
property that all p € P that contain ¢ also contain #'. Under the assumption
that the graph G is connected, t' is the only child. Therefore we have to
erase those t € T' that have only one child and there is no p € P such that
t,=t.

Proposition 1 Suppose for allp € P, s, andt, are known andn = |T|+|P|.
The we can compute a directed path representation on a CREW-PRAM n
O(logn) time with O(n) processors that represents the same graph such that
the tree vertices correspond to the maximal cliques.

Proof. As mentioned before, we first eliminate non roots. Above proce-
dure can be implemented in constant CRCW-time with O(n) processors and
therefore in O(logn) CREW-time with O(n) processors. The update of the
parent function (find the next marked ancestor) can be done in O(logn) time
with O(n/logn) processors by Euler cycle techniques [16]. Even we have to
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update t,, if ¢, is not marked. The new vertex t, is the next marked ancestor
of the old vertex t,. We need O(n/logn) processors and O(logn) time.

The second step is to eliminate one child vertices that are not of the
form t,. We mark all t € T that have more than one child or there is some
p € P such that t = ¢,. This is done in O(logn) time with O(n) processors
on a CREW-PRAM. For any unmarked t € T, we find, by Eulerian cycle
techniques, the first marked descendent m(t) of t. If the parent of ¢ is marked
then the new parent of m(t) is the parent of t. Note that all ¢ with m(t) = ¢/
appear consecutively on a directed path that begins with the parent of t'.
For any p € P, if s, is not marked then s, is updated by m(s,). O

We first present a simple sequential algorithm that computes a minimum
number of paths that cover the whole tree.

1. For each leaf t of T, select a path p; € P of maximal length that
contains t. Add p; to COVER.

2. Mark all t € T that are not contained in some p; such that ¢ is a leaf
of T

3. Update T": The parent of each marked vertex ¢t € T is the next marked
ancestor of £. All unmarked vertices of T" are erased from 7.

4. The previous steps are repeated until 7" is empty.

Lemma 3 COVER is a minimum set of paths in P that covers all vertices
of the initial tree T.

Proof. Each leaf of T" must be covered by some p € P. Since P is a
collection of root directed paths, a path p; of maximum length containing
a leaf t is also an inclusion maximal path containing ¢. Moreover, by the
same reason, no two leaves of T" share a path. Therefore the collection of p;,
t is a leaf, is a minimum collection of paths covering all leaves of T" and the
vertices of T' that are in some path p; are exactly those vertices that share
a path with some leaf of T'. Therefore we may reduce the problem to find a
minimum set of paths that covers all vertices of T' to all vertices that are not
in some p;. O

It remains to parallelize this procedure.

As in the problem of Covering by Cliques, we consider leaf chains instead
of leaves.
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To get a minimum cover of the leaf chains such that a maximum number
of remaining vertices of T' is covered, we proceed as follows.

1. For each t € T, we select a path ¢; that contains ¢ and a maximum
number of ancestors of ¢, i.e. the root of ¢; has a minimum distance
from the root of T

2. For each leaf chain L = {t;,...,}, compute a maximal list

51,P1,52,P2,---,51,D1

such that s; € L, sy = t1, p; = ¢s,, and s;41 = parentp(root(p;)). Mark
all vertices that appear in some p; and add all p; to COV ER.

3. Erase all t € T that are marked. Update the parent function of 7" (first
unmarked ancestor) and for any p € P, t, (first unmarked ancestor if
marked) and s, (last unmarked ancestor of ¢, that is a descendent of

Sp).

To get a minimum covering of all vertices of T' by paths of P, we apply
last procedure O(logn) times.

We continue with a complexity analysis. First step has been considered
in the computation of a breadth-first search tree and needs O(logn) time
and O(n/logn) processors. Second step can be done by tree contraction on
a tree T, where the vertices of T}, are vertices of L and paths intersecting
L and the parent of a path p in Ty, is parenty(root(p)) and the parent of a
vertex t € L in T}, is ¢. Therefore we have a time bound of O(logn) and
a processor bound of O(n/logn) for the second step. The computations in
the third step can be done by Eulerian cycle techniques [16] in O(logn) time
with O(n/logn) processors.

We apply these steps O(logn) times and get the following result.

Theorem 5 Domination restricted to directed path graphs can be done in
O(log® n) time with O(n/logn) processors on a CREW-PRAM.

7 Conclusions

We considered problems which have linear time solutions for chordal graphs
in general and found out that, even in a sparse tree representation, they could
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be solved in polylogarithmic time with a linear processor number. Even we
considered the problem to find a minimum dominating set for directed path
graphs. It might be interesting to find and efficient parallel algorithm to check
whether a sparse tree representation describes a strongly chordal graph. A
parallel algorithm that recognizes strongly chordal graphs in polylogarithmic
time with a linear processor number with respect to the number of vertices
and edges is due to [7]. This algorithm is not easy. It would be interesting
to find a simpler parallel algorithm that recognizes strongly chordal graphs.
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