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ABSTRACT

This paper introduces a divide-and-conquer approach to the single-source
shortest path problem. For an arbitrary digraph with n vertices, m edges,
and c cycles, a particular division is exhibited which leads to an O(klogk + m)
algorithm, where k = min(n, c), improving on previous methods for near-acyclic
digraphs.
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Efficient shortestpath algorithms by graph decomposition

Diab Abuaiadh and Jeffrey H. Kingston

1. Introduction

Thesinglesourceshortestpathproblemis well known. Let G = (V, E) beadirectedgraph
with a distinguishedsource vertex s. Eachedge(v, w) hasa non-negativeintegercost c(v, w).
Thecostof a pathin G is thesumof thecostsof its edges,anda shortestpathfrom vertexv to
vertexw is a pathfrom v to w of minimal cost. We assumetheexistenceof at leastonepath
from s to everyvertex;thusm ≥ n − 1, wheren andm arethe numberof verticesandedges
respectively.Thesinglesourceshortestpathproblemis to find a shortestpathfrom s to v for
everyvertexv in G.

If no restrictionis placedon the form of thedigraph,thealgorithmdueto Dijkstra [3] is
themostefficientknown for this problem. The literaturecontainsa sequenceof increasingly
efficient implementationsof Dijkstra’s algorithm[1, 7, 10], culminatingin the O(nlogn + m)
implementationby FredmanandTarjanusingFibonacciheaps[5]. An alternativedatastructure
by Peterson[9] laterachievedthesameresult. SinceDijkstra’salgorithmsortstheverticesinto
orderof increasingdistancefrom thesourcevertex,andsinceit examineseveryedge,nofurther
asymptoticimprovementis possibleunderthedecisiontreemodel.

Further improvementwithin the decision tree model thereforerequiresa changeof
algorithm. Efficient alternativesdo exist for restrictedclassesof digraphs: for example,
O(n + m) for acyclicdigraphs[10], andO(n√ logn) for planargraphs[4].

This paperintroducesa divide-and-conquerapproachto the single-sourceshortestpath
problem.Foranarbitrarydigraphwith n vertices,m edges,andc cycles,aparticularapplication
of this approachis exhibitedwhich yields an O(klogk + m) algorithm,wherek = min(n, c),
improvingonpreviousmethodsfor near-acyclicdigraphs[2].

2. Edge-disjoint partitionings

Let G = (V, E) beanarbitrarydirectedgraph. WedivideG by choosingr pairwisedisjoint
subsetsof V calledV1, V2, …, Vr undertherestrictionthatnoedge(vi, vj) mayexistwith vi ∈ Vi
andvj ∈ Vj suchthat i =/ j. Sucha division will be calledan edge-disjoint partitioning of G
(Figure1).

Let Gi bethesubgraphinducedby Vi (thatis, Gi = (Vi, Ei) whereEi containsthoseedgesof
G with bothendpointsin Vi). Forconveniencewecolourtheverticeslying within anyinduced
subgraphblack, and the remainingverticesred. For any black vertex v we let F(v) be the
subgraphGi in whichv lies.

Let I(Gi) bethesetof incomingedgesof Gi (thatis, theedges(v, w) suchthatv ∈/ Gi and
w ∈ Gi), andlet i(Gi) = |I(Gi)|. Similarly, let O(Gi) be the setof outgoingedgesof Gi, with
cardinalityo(Gi).
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Figure 1. An edge-disjoint partitioning into four subgraphs. Black vertices are shown as filled
circles, red vertices as open circles.

3. Shortest paths in partitioned graphs

In this section we present an algorithm for shortest paths in a digraph with an edge-disjoint
partitioning G1, …, Gr. For each Gi we will assume the existence of an algorithm FSP(Gi) which
solves the shortest path problem on Gi and also updates the red vertices at the ends of the outgoing
edges of Gi as appropriate. If the construction of Gi forces Gi to have a special form (e.g. to be
acyclic), then FSP(Gi) may take advantage of this knowledge to run efficiently.

We always assume that each vertex v is initially assigned some arbitrary distance d(v)
from a mythical source vertex, which must be decreased to its final value by the algorithm. A
shortest path in this setting will be a path v1, v2, …, vk in which v1 retains its initial distance and
d(vi) + c(vi, vi+1) = d(vi+1) for 1 ≤ i ≤ k − 1, such that d(vk) is minimal. The single-source shortest
path problem is the special case in which the source vertex is initialized with distance 0 and the
others with infinity.

The algorithm is presented in Figure 2. We first prove its correctness.

Theorem 1. The algorithm of Figure 2 assigns to each vertex v the cost d(v) of a shortest path
to v.

Proof. For each vertex vk, let SP(vk) = v1, …, vk−1, vk be any shortest path to vk. The proof is by
induction on the length of SP(vk).

The basis, k = 1, is immediate since vk retains its initial cost. So we let k > 1 and assume that
v1, …, vk are assigned the cost of a shortest path by the algorithm, and we prove this for vk+1.

If all of v1, …, vk are black, then vk+1 will be assigned the cost of its shortest path during
Stage 2. So we assume in the sequel that vj is a red vertex in SP(vk+1) such that j is maximal.

Suppose first that vk+1 is black. It is clear that F(vj+1) = F(vk+1) and that FSP(F(vj+1)) will
be invoked immediately after vj is deleted from the heap. Since vj must have been assigned the
cost of its shortest path by then, FSP(F(vj+1)) will assign to vk+1 the cost of its shortest path in
case j < k, and the algorithm will assign to vk+1 the cost of its shortest path in case j = k.

Otherwise, vk+1 is red. We must delete vj from the priority queue before vk+1, since otherwise
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Stage 1:
Build G1, …, Gr;

Stage 2:
for i := 1 to r do FSP(Gi);

Stage 3:
Initialize(Q);
for all red vertices v do Insert(New(d(v), v), Q);
while not Empty(Q) do begin

v := ValueOf(DeleteMin(Q));
for all x adjacent to v do begin

if d(v) + c(v, x) < d(x) then begin
d(x) := d(v) + c(v, x);
if x is black then FSP(F(x))
else (* x is red and must lie in Q *)

DecreaseKey(EntryOf(x), d(v) + c(v, x), Q);
end;

end;
end;

Figure 2. Shortest path algorithm for a digraph with an edge-disjoint partitioning. Q is a priority
queue of entries whose keys are integers and whose values are vertices; New(key, value) returns
a new entry with the given key and value; ValueOf(entry) returns the value field of an entry; and
EntryOf(v) returns the entry in Q corresponding to vertex v.

there is a shorter path to vk+1 than via vj. When vj is deleted, vk+1 will have the cost of its shortest
path by FSP(F(vj+1)) or by the algorithm in case j = k.

For the time complexity analysis, let us assume that we can build G1,…,Gr in time B(n,m). For
each Gi we execute FSP(Gi) exactly i(Gi) + 1 times. Let T(Gi) be the worst-case time complexity
of FSP(Gi) excluding the cost of updating the endpoints of the outgoing edges. Let h(k) be the
total cost of all priority queue operations, where k ≤ n is the number of red vertices. Then the
worst-case time complexity of the algorithm is

W(n, m) = B(n, m) + h(k) +
r

∑
i=1

(i(Gi) + 1)[T(Gi) + o(Gi)]

Our aim is to find an edge-disjoint partitioning such that

B(n, m) +
r

∑
i=1

(i(Gi) + 1)[T(Gi) + o(Gi)] = O(n + m)

with k relatively small.
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4. Application to near-acyclic digraphs

In this section we present an O(klogk + m) algorithm for the shortest path problem, where
k ≤ min(n, m − n + 1). This is superior to previous algorithms when the digraph is very sparse.

The first step is to perform the well-known factorization of G into strongly connected
components with acyclic quotient digraph [8]. It then suffices to take these components in
topological order and solve the shortest path problem on each in turn, including updating the
distances of the vertices at the ends of edges leading out of the component. Calculations on
subsequent components may then ignore these edges completely, and so from now on we assume
that G is strongly connected.

We next find an edge-disjoint partitioning of G in linear time as follows. The reader
is invited to verify that in every case the black-coloured subgraphs are acyclic and every red
vertex (except possibly one vertex) has indegree at least 2. These are the essential points for
our subsequent analysis.

Case 1. Every vertex has indegree at least 2. Then we colour every vertex red.

Case 2. Every vertex has indegree 1. Then G consists of one simple cycle. We choose an
arbitrary vertex and colour it red, then colour the remaining vertices black.

Case 3. Neither (a) nor (b) applies. Since G is strongly connected, every vertex has
indegree at least 1, so in this case we can find an edge (v1, w1) such that v1 has indegree at least
2, and w1 has indegree 1. An edge with these properties will be called a starting edge. We now
consider this case in detail.

We find an acyclic subgraph S such that w1 is an ancestor of every vertex in S. This is easily
done using the usual topological sorting procedure, by first including w1, then including other
vertices only when all their predecessors have been included.

While performing this topological sort it is possible that we might decide that v1 may be
included. If this occurs, we claim that every vertex in G lies in S. For suppose on the contrary
that there is a vertex x ∈ G such that x ∉ S. Now G is strongly connected, so there is a path
x, …, v1. Since this path begins outside S and ends at v1 in S, it must contain an edge (xi, xi+1)
such that xi ∉ S and xi+1 ∈ S, and this edge cannot be (v1, w1), contradicting the construction of
S. In this case we colour v1 red and all the other vertices black.

In the more usual case where v1 is not encountered before the topological sort exhausts
its set of possible vertices to include, we colour all the included vertices black and v1 red.
(Alternatively, with care our algorithm can be optimized at this point by leaving v1 uncoloured.)
Then we continue the search for another starting edge (v2, w2) and repeat the process. We do
not include any vertex already coloured red, and we cannot encounter a black vertex; thus the
patitioning is edge-disjoint. Any vertices remaining uncoloured at the end are coloured red.

Since each subgraph Gi is acyclic with just one incoming edge, it is clear that

B(n, m) +
r

∑
i=1

(i(Gi) + 1)[T(Gi) + o(Gi)] = O(n + m)

as desired. Now let r1 be the number of vertices with indegree 1, and let r2 be the number with
indegree 2 or more. Counting vertices gives r1 + r2 = n, and counting endpoints of edges gives
r1 + 2r2 ≤ m. Subtraction gives r2 ≤ m − n, and since every red vertex except possibly one has
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indegree at least 2, it follows that k, the number of red vertices, satisfies k ≤ r2 + 1 ≤ m− n + 1.
If we implement the priority queue using a Fibonacci heap, the total cost of all priority queue
operations will be O(klogk + m), giving our desired time complexity bound.

In practice the efficiency of the algorithm depends in the cycle structure of the strongly
connected components. In fact m− n+ 1, the cyclomaticnumber[6], is a reasonable measure of
the number of cycles in a strongly connected digraph, so it is reasonable to say that k is bounded
by the number of cycles in G. Also, our algorithm is O(m+ n) and thus asymptotically optimal
whenever m exceeds n by any fixed constant.
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