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Diab Abuaiadh and Jeffrey H. Kingston

ABSTRACT

In this paperwe investigatethe inherentcomplexityof the priority queue
abstractdatatype. We show that, underreasonableassumptions,thereexist
sequencesof n Insert, n Delete, m DecreaseKey andt FindMin operations,where
1 ≤ t ≤ n, which haveΩ(nlogt + n + m) complexity. AlthoughFibonacciheaps
do not achievethis bound,we presenta modifiedFibonacciheapwhich does,
andsois optimalunderourassumptions.
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Diab Abuaiadh and Jeffrey H. Kingston

1. Introduction

A heap or priority queue is anabstractdatatypeconsistingof a finite setof items. Each
itemhasa real-valuedkey. Thefollowing operationsonheapsareallowed:

• MakeHeap(h): returnanew,emptyheaph;

• Insert(x, h): insertanewitemx with agivenkey into heaph;

• FindMin(h): returnanitemx of minimumkey in heaph;

• DeleteMin(h): deleteanitemof minimumkey from h andreturnit.

• Delete(x, h): deleteanarbitraryitemx from heaph.

• DecreaseKey(∇, x, h): decreasethekeyof itemx in heaph by subtracting∇.

Delete andDecreaseKey assumethatthepositionof itemx in h is known.

FredmanandTarjan[5] inventedanimplementationof thepriority queuecalledFibonacci
heaps. The time measureis that of amortizedtime, wherethe efficiency of eachoperation
is consideredovera seriesof operationsratherthanthe worst caseof eachoperation[9]. As
shownin Table1 column(A), Fibonacciheapsimplementall operationsin O(1) timeexceptfor
DeleteMin andDelete, which areO(logn). It follows from the Ω(nlogn) sortinglower bound
that,underthedecisiontreemodel,at leastoneof {Insert, DeleteMin} mustbeΩ(logn), andthat
atleastoneof {Insert,FindMin,Delete} mustbeΩ(logn). Thusnoreductionin thecostof either
DeleteMin or Delete is possiblewithout increasingthe costof Insert or FindMin to Ω(logn).
For furtherdiscussionof heaps,see[1, 2, 4, 7, 8, 10].

Onesimplewayto shift thecomplexityaroundis shownin Table1 column(B). Thisresult
is achievedby makingeachInsert depositO(logn) which is usedlaterto payfor oneDeleteMin
or Delete. However,thereis no sequenceof operationswhosecostis lessusing(B) than(A).
Column (C) presentsthe only other interestingpossibility permittedby the sorting bound.
Sequencesin whichasignificantnumberof DeleteMin operationswerereplacedbyDelete would
costlessunder(C) than(A). Suchsequencesarisein applications[3].

Considerany sequenceof n Insert, n Delete, m DecreaseKey and t FindMin operations,
where1 ≤ t ≤ n. By Table1, sucha sequencehasO(nlogn + m) complexityusingFibonacci
heapsandO(tlogn + n + m) complexityusingimplementationsthatachieve(C).

In Section 2 we show that, under reasonableassumptions,such sequenceshave
Ω(nlogt + n + m) complexity,ruling out thepossibilityof implementationsthatachieve(C). In
Section3 wepresentamodifiedFibonacciheapwhichachievesthis lowerbound.
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Operation (A) Fibonacci heaps (B) Deposit Fibonacci heaps (C) Conjecture
MakeHeap O(1) O(1) O(1)
Insert O(1) O(logn) O(1)
FindMin O(1) O(1) O(logn)
DeleteMin O(logn) O(1) O(logn)
Delete O(logn) O(1) O(1)
DecreaseKey O(1) O(1) O(1)

Table 1. Time complexity of priority queue implementations

2. Lower bound

Suppose we have a heap. Informally, a loser x1 is an item of h whose key is known to be
larger than the key of some other item xj of h. In other words, comparisons have been performed
which show that x′1 > x′2 > … > x′j, where x′i, 1 ≤ i ≤ j, is the key of the item xi, all the xi are
present or past members of h, and x1 and xj are present members of h. If an item is not a loser
then it is a candidate to be an item of minimum key. The status of an item might change from
candidate to loser as a result of a comparison and from loser to candidate as a result of a delete
operation. Using the adversary method, we will prove the lower bound under the following
assumptions:

(1) The only operations permitted on keys are pairwise comparisons.

(2) No comparison involves a loser item.

Assumption (1) is standard while assumption (2) will be discussed in Section 4.

Theorem 1: For any implementation I of the heap satisfying assumptions (1) and (2), there
exist a sequence s of t FindMin, 2n Insert and n Delete operations whose total complexity in I
is Ω(nlogt + n).

Given an implementation I, to prove Theorem 1, we will construct an adversary A who constructs
the sequence s. The adversary will maintain a list L of roots of trees. When I invokes MakeHeap,
A will set L to nil. When I invokes Insert(x, h), A will create a tree with a single node containing
x and add the tree to L. For Delete(x, h), A will locate the node w in L which contains the item x,
remove the node w, add all its children to L and destroy w. Consider that there is a comparison in
I between the keys of the items x and y. Suppose the items x and y appear in L in the roots of the
trees Tx and Ty respectively. If the number of nodes in Tx is greater than or equal to the number
in Ty then A will decide that the key of x is strictly less than the key of y and A will link the trees
as shown in Figure 1. Otherwise, A will decide that the key of y is strictly less than the key of
x and will link Tx to Ty. We will see that assumption (2) ensures that if there is a comparison
between the keys of two items, then these items must appear in L in root nodes.

Let s be a sequence of t, t > 1, FindMin, 2n Insert and n Delete operations, let n/t be an
integer, and let k = n/t. Let the first n operations be Insert, and after this between each two
consecutive FindMin operations ( and after the last FindMin operation ) let there be k Delete and
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Figure 1. Linking two trees in L after a comparison.

k Insert operations. Each Delete operation is followed by an Insert operation (of a new item).
There are no Delete operations before the first FindMin operation. For each Delete operation,
let the adversary choose to delete an item in a root of a tree in L that has the maximum number
of nodes. We will show that the cost of s is Ω(nlogt + n).
In this paper, logarithms are to the base two if not specified.

Lemma 1: For each node x in L, the number of its children is at least logs(x), where s(x) is the
number of nodes in the subtree rooted at x.

Proof: By induction on the number of operations on L. It is obvious that the Lemma is correct
when L is nil. Let us assume the Lemma is correct after the first j operations. If the (j + 1)th
operation is Insert or Delete, it is obvious the Lemma is correct because the adversary chooses to
delete an item which appears in a root node. Let the (j + 1)th operation be a comparison between
the keys of two items appearing in nodes v and w such that s(v) ≥ s(w) (v is the winner). For each
node x except v, the number of the children of x and s(x) are the same as before the comparison.
Let s(v) and s(w) be the two subtree sizes before the comparison. After the comparison, the
number of the children of v is at least

1 + logs(v) = log2s(v) ≥ log(s(v) + s(w))

and s(v) + s(w) is the number of nodes in the subtree rooted at v after the comparison.

Each Insert operation adds one tree to L, and each Delete (of a root node) removes one
tree and adds a number of trees equal to the number of children of the deleted node. After j
Delete-Insert pairs, the number of trees added to L is equal to the total number of children of the
j deleted nodes.

In essence, our argument is that Delete operations can be found which cause many trees to
be added to L. These trees must be combined into a single tree using comparisons by the time
we reach the end of the next FindMin. We can say little about the number of trees in L, since
this depends on whether I chooses to perform the comparisons early or late; but if i trees are
added to L after a FindMin operation, then i comparisons must be made by the end of the next
FindMin operation.

Lemma 2: Immediately after each FindMin operation in the sequence s, the first j Delete and
j Insert operations, interspersed by any number of comparisons, add totally to the list L at least
αjlog(n/j) − 1 trees, where α is a constant equal to the minimum value of (1 − loglogx/logx),
where x ≥ 2.

Proof: We prove the Lemma by induction on j. For j = 1. Immediately after each FindMin
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operation there is only one tree in L. By Lemma 1 and since α ≤ 1 the correctness is immediate.
Let the number of trees added during the j Delete and j Insert operations be αjlog(n/j) − 1 + r,
where r ≥ 0. It is obvious that there is a tree with size at least n/(αjlog(n/j) + r). Since the
adversary chooses to delete an item which appears in the root of a tree with maximal size, by
Lemma 1 the number of trees added is at least αjlog(n/j) − 1 + r + log(n/(αjlog(n/j) + r)). Since
the value of the function f(x) = x + log(c/(c + x)), where c ≥ 2, is non-negative for x ≥ 0, it follows
that:

αjlog(n/j) − 1 + r + log(n/(αjlog(n/j) + r)) ≥ αjlog(n/j) − 1 + log(n/(αjlog(n/j)))

Simplifying the above expression :

αjlog(n/j) − 1 + log(n/(αjlog(n/j)))
    = αjlog(n/j) − 1 + log(n/j) − logα − loglog(n/j)
    ≥ αjlog(n/j) − 1 + αlog(n/j) + (1 − α)log(n/j) − loglog(n/j)
    ≥ α(j + 1)log(n/(j + 1)) − 1 + (1 − α)log(n/j) − loglog(n/j)

Since 1 ≤ j ≤ k and k ≤ n/2 it follows that n/j ≥ 2. To complete the proof we need only to show
that (1 − α)log(n/j) − loglog(n/j) ≥ 0, and this is equivalent to α ≤ (1 − loglogx/logx) for x = n/j.
This follows immediately from the definition of α.

Proof of Theorem 1: If t = 1 the correctness is immediate. Let t > 1. It is obvious that we
need n − 1 comparisons for the first FindMin operation. Let us consider the cost of the ith, 2 ≤ i,
FindMin operation. The k Delete and k Insert operations before the ith FindMin operation added
to L, by Lemma 2, at least αklog(n/k) − 1 new trees. By the discussion preceding Lemma 2, we
need αklog(n/k) − 1 comparisons to find an item of minimum key. From this we can see that
the total cost of the sequence s is at least

n − 1 +
t

∑
i=2

(αklog(n/k) − 1) = n − t + αk(t − 1)log(n/k).

Since k = n/t the total cost of s is at least n − t + α(n − k)logt. Investigation of the function
f(x) = 1 − loglogx / logx , x ≥ 2, shows that α = 1 − (loge)/e ≈ 0.4693. From this, it follows that
the total cost of s is Ω(nlogt + n).
It follows from Theorem 1 that, under our assumptions, the time complexity of n Insert, n Delete,
m DecreaseKey and t FindMin operations is Ω(nlogt + n + m), where 1 ≤ t ≤ n.

3. The modified Fibonacciheap

We assume that the reader is familiar with amortized time complexity [9] and the Fibonacci
heap data structure as presented in [5]. In our modification of the Fibonacci heap the basic
ideas of linking together nodes of equal rank, marking nodes, and cascading cuts are preserved.
However we do not maintain a pointer to a minimum node, and the operations are implemented
as follows:

• MakeHeap(h): set h to nil;
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• Insert(x, h): add a new node to the list of roots;

• FindMin(h): repeatedly link together pairs of nodes of equal rank until there are no more
such pairs, determining a minimum node while scanning the list of roots;

• DecreaseKey(∇, x, h): subtract ∇ from the key of x, cascade-cut the node v containing x
from its parent, and add the tree rooted at v to the list of roots;

• Delete(x, h): cascade-cut the node v containing x from its parent, append the list of the
children of v to the list of roots, and destroy v.

We do not have a DeleteMin operation; its effect is obtained by FindMin followed by Delete.

Following Fredman and Tarjan’s analysis, the amortized complexity of this implementation
is easily shown to be O(1) for MakeHeap, O(1) for Insert, O(logn) for FindMin, O(1)
for DecreaseKey and O(logn) for Delete. Assuming t ≤ n, the total time complexity
of a sequence of n Insert, n Delete, m DecreaseKey and t FindMin operations is
O(nlogn + tlogn + m) = O(nlogn + m). However, we will now show that the sum of the
amortized time complexity of the n Delete operations is O(nlogt + n). This reduces the total to
O(nlogt + tlogn + n + m) = O(nlogt + n + m).

Lemma 3: In a Fibonacci heap containing n nodes, the total number of children of any k nodes
is at most klogφ(n/k) + k, where φ = (1 + √ 5)/2.

Proof: Let v1, …, vk be any k distinct nodes, which we term special. Cascade-cut these special
nodes from their parents and add the resulting independent subtrees to the list of roots. Clearly
the result is a Fibonacci heap, since it could have arisen from k DecreaseKey operations.

Let ni be the number of descendants of special node vi in this final heap, including vi itself.
By [5], vi has at most logφni children, so the total number of children of special nodes is at most

∑k
i=1logφni. Furthermore, ∑k

i=1ni ≤ n since the vi are now the roots of different subtrees. By the

convexity of the log function, ∑k
i=1logφni is maximized when ni = n/k for all i, when its value is

klogφ(n/k).
However, we desire to know the initial number of children, not the final number, and

cascade cuts could well cause these to differ. We insist that if vi is an ancestor of vj, then vi be
cut before vj. This ensures that at the moment each vj is cut it can have at most one of the other
special nodes among its ancestors (at the root, in fact). This ancestor is the only special node
affected by the cascade cut, and it loses at most one child by it. We conclude that the special
nodes lose at most one child per cascade cut, and hence that the initial total number of children
is at most klogφ(n/k) + k.

Lemma 4: If ∑k
i=1ri ≤ n and each ri > 0, then ∑k

i=1rilogφ(n/ri) ≤ nlogφk.

Proof: Letting pi = ri /n, we find that

k

∑
i=1

rilogφ(n/ri) = n
k

∑
i=1

pilogφ(1/pi)
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where each pi > 0 and ∑k
i=1pi ≤ 1. This sum is the entropy of the pi, maximized when pi = 1/k

for all i as is well known [6]; the result follows immediately.

Theorem 2: Let s′ be any sequence of n Delete operations interspersed with t FindMin
operations and any number of DecreaseKey operations, and suppose the heap contains n
nodes when s′ begins. Then the total amortized complexity of the n Delete operations is
O(nlogt + n).
Proof: Suppose we perform r1 Delete operations before the first FindMin, r2 after the first
FindMin but before the second, and so on until rt+1 after the last FindMin. According to Lemma
3, the ri Delete operations bring at most rilogφ(n/ri) + ri nodes to the list of roots, and this is also
the amortized complexity of those operations. DecreaseKey operations can only decrease this
number. The total amortized complexity of all n Delete operations is therefore

t+1

∑
i=1

(rilogφ(n/ri) + ri) ≤ nlogφ(t + 1) + n

by Lemma 4.

4. Discussion

For the sequence s we presented for the lower bound, many data structures obey
assumption (2) including binomial queues [10], pairing heaps [4] and Fibonacci heaps [5].

It is interesting to know whether the lower bound is still valid without assumption (2). It is
natural to think that for each implementation I, we can construct an implementation I′ such that
I′ obeys assumption (2) and the total cost of the comparisons in I′ is less than I. The following
example rules out this possibility. Suppose we have 5 items and we do 5 FindMin operations.
Each FindMin is followed by a Delete operation, where we delete the item of minimum
key. By Knuth [7, pp. 184-185] we can sort any 5 items by 7 comparisons and hence we can
implement the above sequence by 7 comparisons. On the other hand, for a method which obeys
assumption (2) the adversary can force us to do at least 8 comparisons.

However, when the number of FindMin operations is significantly less than n,
asymptotically, we conjecture that the lower bound is valid without assumption (2).
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