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ABSTRACT

In this paperwe investigatethe inherentcomplexity of the priority queue
abstractdatatype. We show that, underreasonableassumptionsthere exist
sequencesf ninsert, n Delete, m DecreaseKey andt FindMin operationswhere
1 <t < n, which haveQ(nlogt + n + m) complexity. Although Fibonacciheaps
do not achievethis bound,we presenta modified Fibonacciheapwhich does,
andsois optimalunderour assumptions.
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1. Introduction

A heap or priority queue is an abstractatatype consistingof a finite setof items. Each
itemhasareal-valuedkey. Thefollowing operation®n heapsareallowed:

*  MakeHeap(h): returnanew,emptyheaph;

* Insert(x, h): insertanewitemx with agivenkey into heaph;

e  FindMin(h): returnanitem x of minimumkeyin heaph;

* DeleteMin(h): deleteanitemof minimumkey from h andreturnit.

» Deélete(x, h): deleteanarbitraryitemx from heaph.

»  DecreaseKey([1, x, h): decreas¢hekey of itemxin heaph by subtracting .

Delete andDecreaseKey assumehatthe positionof itemxin h is known.

FredmarandTarjan[5] inventedanimplementatiorof the priority queuecalledFibonacci
heaps. The time measurds that of amortizedtime, wherethe efficiency of eachoperation
Is consideredver a seriesof operationgatherthanthe worst caseof eachoperation[9]. As
shownin Tablel column(A), Fibonaccheapsmplementall operationsn O(1) time exceptfor
DeleteMin and Delete, which are O(logn). It follows from the Q(nlogn) sortinglower bound
that,underthedecisiortreemodel,atleastoneof { Insert, DeleteMin} mustbeQ(logn), andthat
atleastoneof { Insert, FindMin, Delete} mustbeQ(logn). Thusnoreductionn thecostof either
DeleteMin or Delete is possiblewithout increasingthe costof Insert or FindMin to Q(logn).
For furtherdiscussiorof heapsseeg[1, 2, 4, 7, 8, 10].

Onesimplewayto shift thecomplexityarounds shownin Tablel column(B). Thisresult
is achievedby makingeachinsert depositO(logn) whichis usedlaterto payfor oneDeleteMin
or Delete. However,thereis no sequencef operationavhosecostis lessusing(B) than(A).
Column (C) presentsthe only other interestingpossibility permittedby the sorting bound.
Sequenceis whichasignificaninumbetrof DeleteMin operationsverereplacedy Deletewould
costlessunder(C) than(A). Suchsequencearisein applicationd3].

Considerany sequencef n Insert, n Delete, m DecreaseKey andt FindMin operations,
wherel < t < n. By Tablel, sucha sequencéasO(nlogn + m) complexityusingFibonacci
heapsandO(tlogn + n + m) complexityusingimplementationshatachieve(C).

In Section 2 we show that, under reasonableassumptions,such sequenceshave
Q(nlogt + n + m) complexity,ruling out the possibilityof implementationshatachieve(C). In
Section3 we presenta modifiedFibonacciheapwhich achieveghis lower bound.
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Operation (A) Fibonacci heaps  (B) Deposit Fibonacci heaps  (C) Conjecture

MakeHeap O(1) O(1) O(1)
Insert O(1) O(logn) 0O(1)
FindMin O(1) 0O(1) O(logn)
DeleteMin O(logn) 0O(1) O(logn)
Delete O(logn) 0(1) 0(1)
DecreaseKey 0(1) 0(2) 0(1)

Tablel. Timecomplexity of priority queue implementations

2. Lower bound

Suppose we have aheap. Informally, aloser x, isan item of h whose key is known to be
larger than the key of some other item X of h. In other words, comparisons have been performed
which show that X', > X', > ... > X, wherex, 1 <i <, isthekey of theitem x;, al the x, are
present or past members of h, and x, and X; are present members of h. If anitemisnot aloser
then it is a candidate to be an item of minimum key. The status of an item might change from
candidate to loser as aresult of a comparison and from loser to candidate as aresult of a delete
operation. Using the adversary method, we will prove the lower bound under the following
assumptions:

(1) The only operations permitted on keys are pairwise comparisons.
(2) No comparisoninvolvesaloser item.

Assumption (1) is standard while assumption (2) will be discussed in Section 4.

Theorem 1. For any implementation | of the heap satisfying assumptions (1) and (2), there
exist a sequence s of t FindMin, 2n Insert and n Delete operations whose total complexity in |
isQ(nlogt + n).

Givenanimplementation|, to prove Theorem 1, wewill construct an adversary Awho constructs
thesequences. Theadversary will maintainalist L of rootsof trees. When| invokesMakeHeap,
Awill set L tonil. When| invokesInsert(x, h), Awill create atree with asingle node containing
x and add thetreeto L. For Delete(x, h), Awill locate the node w in L which containstheitem x,
removethenodew, add all itschildrento L and destroy w. Consider that thereisacomparisonin
| between thekeysof theitemsxandy. Supposetheitemsx andy appear in L intherootsof the
treesT, and T, respectively. If the number of nodesin T, is greater than or equal to the number
in T then Awill decide that the key of x is strictly lessthan the key of y and A will link the trees
as shown in Figure 1. Otherwise, A will decide that the key of y is strictly less than the key of
x and will link T to T,. We will see that assumption (2) ensures that if there is a comparison
between the keys of two items, then these items must appear in L in root nodes.

Let sbe asequenceof t, t > 1, FindMin, 2n Insert and n Delete operations, let n/t be an
integer, and let k = n/t. Let the first n operations be Insert, and after this between each two
consecutive FindMin operations ( and after the last FindMin operation ) let there be k Delete and
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Figurel. Linking two treesin L after acomparison.

k Insert operations. Each Delete operation is followed by an Insert operation (of a new item).
There are no Delete operations before the first FindMin operation. For each Delete operation,
let the adversary choose to delete an item in aroot of atreein L that has the maximum number
of nodes. We will show that the cost of sis Q(nlogt + n).

In this paper, logarithms are to the base two if not specified.

Lemma 1: For each node x in L, the number of its children is at least logs(x), where S(X) is the
number of nodes in the subtree rooted at x.

Proof: By induction on the number of operationson L. It isobviousthat the Lemmais correct
when L isnil. Let us assume the Lemmais correct after the first j operations. If the (j + 1)th
operationisinsert or Delete, it isobviousthe Lemmais correct because the adversary choosesto
delete an item which appearsin aroot node. Let the(j + 1)th operation be acomparison between
thekeys of two itemsappearing in nodes v and w such that s(v) = s(w) (visthewinner). For each
node x except v, the number of the children of x and s(x) are the same as before the comparison.
Let s(v) and s(w) be the two subtree sizes before the comparison. After the comparison, the
number of the children of visat least

1 +logs(v) = log2s(v) = log(s(v) + s(w))

and s(v) + s(w) isthe number of nodes in the subtree rooted at v after the comparison. O

Each Insert operation adds one tree to L, and each Delete (of a root node) removes one
tree and adds a number of trees equal to the number of children of the deleted node. After |
Delete-Insert pairs, the number of treesadded to L isequal to the total number of children of the
J deleted nodes.

In essence, our argument is that Del ete operations can be found which cause many treesto
be added to L. These trees must be combined into a single tree using comparisons by the time
we reach the end of the next FindMin. We can say little about the number of treesin L, since
this depends on whether | chooses to perform the comparisons early or late; but if i trees are
added to L after a FindMin operation, then i comparisons must be made by the end of the next
FindMin operation.

Lemma 2: Immediately after each FindMin operation in the sequence s, thefirst j Delete and
j Insert operations, interspersed by any number of comparisons, add totally to thelist L at least
ajlog(n/j) — 1 trees, where a is a constant equal to the minimum value of (1 - loglogx/logx),
wherex > 2.

Proof: We prove the Lemma by induction on j. For j = 1. Immediately after each FindMin
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operationthereisonly onetreeinL. By Lemmalandsincea < 1 thecorrectnessisimmediate.
Let the number of trees added during the | Delete and j Insert operations be ajlog(n/j) — 1 +r,
wherer > 0. It is obvious that there is a tree with size at least n/(ajlog(n/j) +r). Since the
adversary chooses to delete an item which appears in the root of a tree with maximal size, by
Lemma 1 the number of treesadded isat least ajlog(n/j) — 1 +r + log(n/(ajlog(n/j) +r)). Since
thevalueof thefunctionf(x) = x + log(c/(c + X)), wherec = 2, isnon-negativefor x > 0, it follows
that:

ajlog(n/j) = 1 +r +log(n/(ajlog(n/j) +r)) = ajlog(n/j) — 1 + log(n/(ajlog(n/j)))
Simplifying the above expression :

ajlog(n/j) — 1 + log(n/(ajlog(n/})))
= ajlog(n/j) — 1 + log(n/j) — loga — loglog(n/j)
> ajlog(n/j) = 1 + alog(n/j) + (1 — a)log(n/j) — loglog(n/j)
> a(j + Dlog(n/(j + 1)) =1+ (1 - a)log(n/j) — loglog(n/j)

Sincel<j < kandk< n/2itfollowsthat n/j = 2. To complete the proof we need only to show
that (1 — a)log(n/j) — loglog(n/j) = 0, and thisisequivalent to a < (1 - loglogx/logx) for x = n/j.
Thisfollowsimmediately from the definition of a. O

Proof of Theorem 1: If t = 1 the correctnessisimmediate. Lett > 1. It is obvious that we
need n — 1 comparisonsfor thefirst FindMin operation. Let usconsider the cost of theith, 2 < i,
FindMin operation. Thek Deleteand k Insert operationsbeforetheith FindMin operation added
toL, by Lemma2, at least aklog(n/k) — 1 new trees. By the discussion preceding Lemma 2, we
need aklog(n/k) — 1 comparisons to find an item of minimum key. From this we can see that
the total cost of the sequence sisat least

n-1+ i(aklog(n/k) —-1) =n-t+ak(t - 1)log(n/k).
i=2

Since k = n/t the total cost of sisat least n — t + a(n — K)logt. Investigation of the function
f(X) = 1 - loglogx / logx, x = 2, showsthat o = 1 - (loge)/e=0.4693. From this, it follows that
the total cost of sis Q(nlogt + n). O

It followsfrom Theorem 1 that, under our assumptions, the time complexity of ninsert, n Delete,
m DecreaseKey and t FindMin operationsis Q(nlogt + n+ m), wherel <t<n.

3. The modified Fibonacciheap

We assumethat the reader isfamiliar with amortized time complexity [9] and the Fibonacci
heap data structure as presented in [5]. In our modification of the Fibonacci heap the basic
ideas of linking together nodes of equal rank, marking nodes, and cascading cuts are preserved.
However we do not maintain a pointer to aminimum node, and the operations are implemented
asfollows:

*  MakeHeap(h): set hto nil;
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* Insert(x, h): add anew nodeto thelist of roots;

*  FindMin(h): repeatedly link together pairs of nodes of equal rank until there are no more
such pairs, determining a minimum node while scanning the list of roots;

»  DecreaseKey([1, x, h): subtract (1 from the key of x, cascade-cut the node v containing x
from its parent, and add the tree rooted at v to the list of roots;

»  Déete(x, h): cascade-cut the node v containing x from its parent, append the list of the
children of v to the list of roots, and destroy v.

We do not have a DeleteMin operation; its effect is obtained by FindMin followed by Delete.

Following Fredman and Tarjan’ sanalysis, the amortized complexity of thisimplementation
is easily shown to be O(1) for MakeHeap, O(1) for Insert, O(logn) for FindMin, O(1)
for DecreaseKey and O(logn) for Delete. Assuming t < n, the total time complexity
of a sequence of n Insert, n Delete, m DecreaseKey and t FindMin operations is
O(nlogn + tlogn + m) = O(nlogn + m). However, we will now show that the sum of the
amortized time complexity of the n Delete operationsis O(nlogt + n). This reduces the total to
O(nlogt + tlogn + n + m) = O(nlogt + n + m).

Lemma3: In aFibonacci heap containing n nodes, the total number of children of any k nodes
isat most ki og(p(n/k) +k, wherep = (1 ++5)/2.
Proof: Letv,, ..., v, be any k distinct nodes, which we term special. Cascade-cut these special

nodes from their parents and add the resulting independent subtrees to the list of roots. Clearly
the result is a Fibonacci heap, since it could have arisen from k DecreaseKey operations.

L et n. be the number of descendants of special node v, in thisfinal heap, including v, itself.
By [5], v; has at most log A children, so the total number of children of special nodesis at most

z:‘zll og,n;. Furthermore, z:‘zlni < nsincethev, are now the roots of different subtrees. By the
convexity of the log function, z:(:llog(pni ismaximized when n. = n/k for al i, whenitsvalueis
klog (p(n/k).

However, we desire to know the initial number of children, not the final number, and
cascade cuts could well cause these to differ. Weinsist that if v, is an ancestor of v, then v, be
cut before v;. This ensures that at the moment each v; is cut it can have at most one of the other
special nodes among its ancestors (at the root, in fact). This ancestor is the only special node
affected by the cascade cut, and it loses at most one child by it. We conclude that the special
nodes lose at most one child per cascade cut, and hence that the initial total number of children
isat most klog(p(n/k) +k. O

Lemma 4: If z:‘zlri <nandeachr, > 0, then z:(:lrilog(p(n/ri) < nlog k.
Proof: Lettingp, =r;/n, wefind that

k k
ierilog(p(n/ri) = nglpilog(p(l/pi)
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where each p. > 0 and zikzlpi < 1. Thissum isthe entropy of the p,, maximized when p. = 1/k
for al i asiswell known [6]; the result follows immediately. O

Theorem 2: Let S be any sequence of n Delete operations interspersed with t FindMin
operations and any number of DecreaseKey operations, and suppose the heap contains n
nodes when s begins. Then the total amortized complexity of the n Delete operations is
O(nlogt + n).

Proof: Suppose we perform r; Delete operations before the first FindMin, r, after the first
FindMin but before the second, and so on until r,_, after thelast FindMin. Accordingto Lemma
3, ther; Delete operations bring a most rjlog (/r;) + r; nodesto the list of roots, and thisis also
the amortized complexity of those operations. DecreaseKey operations can only decrease this
number. The total amortized complexity of all n Delete operationsis therefore

t+1

iZl(rilog(p(rwi) +1;) <nlog(t+1) +n

by Lemmad4. O

4. Discussion

For the sequence s we presented for the lower bound, many data structures obey
assumption (2) including binomial queues [10], pairing heaps [4] and Fibonacci heaps [5].

It isinteresting to know whether the lower bound is still valid without assumption (2). Itis
natural to think that for each implementation |, we can construct an implementation I' such that
I" obeys assumption (2) and the total cost of the comparisonsin I’ islessthan I. The following
example rules out this possibility. Suppose we have 5 items and we do 5 FindMin operations.
Each FindMin is followed by a Delete operation, where we delete the item of minimum
key. By Knuth [7, pp. 184-185] we can sort any 5 items by 7 comparisons and hence we can
implement the above sequence by 7 comparisons. On the other hand, for amethod which obeys
assumption (2) the adversary can force usto do at least 8 comparisons.

However, when the number of FindMin operations is significantly less than n,
asymptotically, we conjecture that the lower bound is valid without assumption (2).
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