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Abstract

This papershaws that timetableconstructionis NP-completen a numberof quite different
waysthatarisein practice anddiscussetheprospect®f overcomingtheseproblems. A formal
specificatiorof theproblembasedn TTL, atimetablespecificatiorlanguageis given.

1. Intr oduction

The timetableconstructiornproblemis to assigntimes,teachersstudentsandroomsto a
collectionof meetingsothatnoneof theparticipant$asto attendwo meetingsimultaneously
This basicrequiremenis often augmentedvith othersconcerningimits on the workload of
teachersgonstraintoon theway a meetingstimesarespreadhroughtheweek,andsoon.

Marny different techniqueshave beenapplied to the timetable constructionproblem.
Previouswork by theauthorsandothershasattemptedo breakit into subproblemsn thehope
that eachwill be efficiently solvable. In suchwork a detailedunderstandingf the inherent
complity of timetableconstructions neededa broadstatementhatthe overall problemis
NP-completggives no guidanceon the prospectof solving any particularsubproblem.This
paperfills in someof thesedetailsby identifying five independenNP-completesubproblems,
anddiscussinghe prospect®f solvingeachin practice.

2. Specificationof the timetable construction problem

In this sectionwe presenta specificatiorof the timetableconstructiornproblembasedon
atimetablespecificationanguage called TTL. Thislanguages formal yet flexible enoughto
specifyinstancegncountereth practice. An earlierversionof TTL appearedn [1].

A TTL instanceconsistsof a time group, someresouce groups andsomemeetings.A
formalgrammarappearsn Figure 1. Hereis atypicaltime group:
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instance - timegroup { resourcegroup } { meeting }
timegroup - timegroup timegroupnameis
{ timename; }

end timegroupname;
resourcegroup = — group resourcegroupnameis
[ subgroups subgrouplist; ]
{ resourcename[ in subgrouplist] ; }
end resourcegroupname;
subgrouplist - resourcegroupnameq{ , resourcegroupname }
meeting - meeting meetingnameis
{ timeselect | resourceselect }
end meetingname;
timesel ect - number timegroupname [ : timeconditionlist] ;
- timename;
resourcesel ect - number resourcegroupname;
- resourcename;

number - integer | all

Figure 1. Grammar of the TTL language. { ... } means zero or more of, [ ... ] means optional.
Time conditions and some unimportant extensions required in practice have been omitted.

timegroup Timesis

Monl; Mon2; Mon3; Mon4; Mon5; Mon6; Mon7; MonsS;
Tuel; Tue2; Tue3; Tued; Tues5; Tueb;, Tue7; Tues;

Wedl; Wed2; Wed3; Wed4; Wed5; Wed6; Wed7; \Weds;
Thul; Thu2; Thu3; Thud; Thu5; Thu6; Thu7; Thu$;
Fril; Fri2; Fri3; Fri4; Fri5; Fri6; Fri7; Fri8;

conditions (omitted)

end Times,

It lists the names of the times available for meetings, followed by conditions (see below). Here
Isatypical resource group:

group Teachersis
subgroups English, Science, Computing;
Smith in English, Computing;
Jonesin Science, Computing;

Robinson in English;

end Teachers;
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This group contains resources (Smith, Jones, and Robinson) which are available to attend
meetings, and subgroups which are subsets of the set of resources defining functions that the
resources are qualified to perform: teach English, etc. A resource may be in any number of
subgroups. Typical instances have Teachers, Rooms, and Students resource groups.

After the groups come the meetings, which are collections of slotswhich areto be assigned
elements of the various groups, subject to certain restrictions. For example, here is a typical
meeting expressing fiv eScience classes which meet simultaneously for six times per week:

meeting 10-Scienceis

Year10;

5 Science;

5 Sciencelab;

6 Times: 1 Double, 5 Days, 5 Nice;
end 10-Science;

There is one slot which must contain the Year 10 resource from the Students group; fiv eslots
which must contain resources from the Science subgroup; fiv eresources from the Sciencel.ab
subgroup of the Rooms group, and six times from the Times group, which must satisfy three
conditions: there must be at least one double time (i.e. two adjacent times), the times must
be spread over at least fiv edays, and al but one of them must be nice (i.e. not last on any day).
These conditions are defined in the time group, but lack of space prevents us from explaining
them in detail here. Formally, the meaning is that the eleven selected resources will al be
occupied together for the six times; in fact, it is clear that the Year 10 students will be split into
fiv egroups.

Although most meetings are similar to 10-Science, there are some exceptions, for example
Faculty meetings:

meeting EnglishFaculty is
all English;
1 Times,

end EnglishFaculty;

and meetingswhich ensure that each teacher teaches at most 30 out of the 40 possibletimeseach
week (say), and has at |east one free time each day:

meeting SmithFreeis
Smith;
10 Times. 5 Days,
end SmithFreeg,

Real instances may have two hundred or more meetings altogether.

This completesthe presentation of the TTL language. 1t has been used successfully by the
authors, with some unimportant extensions, to specify high school instances [1]. It is easy to
formulate extensionsfor specifying the multiple sectionsneeded in university timetabling, and to
express preferencesin selections. More difficult would be relations between meetings (must be
in same building, or not on same day, etc.) as are needed for example with multiple campuses.

We will denote by TIMETABLE CONSTRUCTION (TTC) the decision problem of
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determining whether an assignment of times and resourcesto all the slots exists which satisfies
the various conditions and is such that no resource is assigned to two meetings which share
a time. This is polynomial-time equivalent to the problem of actualy producing such an
assignment: given TTC, one can construct asolutionif it exists by taking thefirst slot and trying
each possible assignment to it until TTC indicates that a solution exists, then repeating on the
other slotsin turn.

3. NP-completenessresults

In determining the complexity of the TTC problem defined in Section 2, formally it is
sufficient to prove TTC [0 NP (obvious) and to demonstrate one transformation from any
known NP-complete problemto TTC. But we wish to show that TTC is NP-completein several
Independent ways, all of which arisein practice. For thisit isnecessary to find transformations
which construct TTC instances that resemble special cases of the TTC problem that arisein real
Instances.

The well-known formulation of the timetable construction problem given by Gotlieb
[5] assumes that each meeting contains exactly one nominated student group, one nominated
teacher, and any number of timeswhich may be freely chosen. Csima[2] showed that Gotlieb’'s
problemisin P if theteachersareinitially available at all times, and Even, Itai, and Shamir [3]
showed that it isSNP-completeif each teacher may be assumed initially unavailableat an arbitrary
subset of the times.

More relevant in practice was the work of Karp [6] showing that graph colouring is
NP-complete. At that time the connection between graph colouring and timetable construction
(revisited below) was already well known [7, §].

3.1. Intractability owing to student choice

We begin with a well-known result relating timetable construction to graph colouring.
It shows NP-completeness when each student is granted a free choice from a wide range of
subjects, asis characteristic of university timetable construction.

Theorem 1. GRAPH K-COLOURABILITY OTTC.

Proof. Recall that the NP-complete GRAPH K-COLOURABILITY problem asks whether
it is possible to assign a colour to each vertex of agraph G in such away that no two adjacent
vertices have the same colour; at most K < |V]| distinct colours are allowed. Let G = (V, E) with
V={v,..,v}adE={e,...,e}. Constructthe TTC instance

timegroup Tis
t; ..ot
end T,

group Ris
I g

end R,



meeting M, is
1T,
C. e
1,00 7t YLk
end M,;
meeting M, is
1T;
Cot -+ G
end M

wheretheresources;, ,, ..., ¢, selectedy meetingM; areexactly thoseresources; suchthat
g isadjacento v, in G.

SupposaK-colouringf: V - {1,...,K} existsfor G. Assignt, wherek = f(v;) to M, for
alli. Theconditionf(v) # f(v.) whenerer{v,, v} U E guaranteethatmeetingsvhich shareary
resourcereceve differenttimes,sothe TTC instances solved. Corversely a successfutime
assignmentlefinesa successfugraphcolouring. O

Taking eachr, to representone student,this transformationshavs that assigningtimes to

universityclassesuchthatall studentsanattendtheir choicess NP-completeevenwheneach
meetingoccupienly onetime, eachstudenichoosegust two meetingsandteacheandroom
constrainta@reignored. It alsodemonstratethatuniversityexaminatiorntimetableconstruction
is NP-complete.

In universitiesthisproblemis avoidedby publishingthetimetablen advanceandrequiring
studentsto chooseonly combinationsof subjectspermittedby the timetable. Large classes
aredividedinto sections (alternatve offeringsof the samesubject)which run atdifferenttimes.
Choosingappropriatesectiondor justonestudentftertimesarefix eds NP-completgSection
3.3), but sectiongprovide sufficientfreedomin practiceto make solutionsfairly easyto find by
searching.

In high schoolsknown to the author studentchoiceis limited by decidingin adwance
that certain groupsof meetingswill occur simultaneouslyand inviting studentsto choose
onemeetingfrom eachgroup. Thedecisionasto which meetinggo groupin thisway is often
influencedby a preliminary surey of studentpreferenceswhich of coursemakesit into an
NP-completeggraphcolouringproblemtoo.

3.2. Intractability owing to varying meeting size

Meetingsoccupy morethanonetime each. A typical patternin high schoolsmightbe six
timesfor EnglishandMathematicsfiv efor Sciencethreefor Sport,andsoon. Whenmeetings
of suchvaryingsizesareassignedo teachersit canbe difficult to assignexactly the 30 (say)
timesthatcompriseeachteachersworkload. Overloadings forbiddenby industrialagreement,
andunderloadingpneteacheimpliesoverloadinganother Thisleadsto NP-completenessen
disregardingrestrictionamposedby teachersgualificationsandthe needto avoid clashes:

Theorem 2. BIN PACKING (with unaryencoding)d TTC.
Proof. Recallthatthe NP-completeBIN PACKING problemaskswhethera setof itemsU =
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{u,, ...,u}, eachwith a positive integer sizes(u,), canbe pacledinto B bins eachof capacity
C in sucha way thatno bin is overfull. We assumehatthesenumbersareencodedn unary
ratherthanbinary;sinceBIN PACKING is NP-completan the strongsensd4], this versionis

NP-complete.We transformto the TTC instance

timegroup Tis
t;...t
end T;

c

group Ris
SHR ¢
end R;

B

meeting M, is
suy) T
1R

end M,;

meeting M is
S(u) T;
1R;

end M;

Giventheinitial unaryencodingthis transformatiorclearlyhaspolynomialcompleity.

SupposehattheBIN PACKING instancehassolutionf: U - {1,...,B}. Assignr, where
k =f(u) tomeetingM, for alli; then,for eachr; in R, thetotaltime requirementsf all meetings
containingresource; will beat mostC, andwe may assignary disjoint setsof timesto these
meetings.Corversefy from ary solutionto the TTC instancenve maydeducea bin packingby
assignindg(u,) = kwhereM, containsr,. O

In high schoolsknown to theauthor somemeetingsn thejunior yearsaresplit into two in the
following way in orderto createsmallfragmentdo fill thebins:

meeting M is
(S(u)-K T,
1R;

end M;

meeting M7 is
KT,
1R;

end M3

for somek, allowing two teachergo sharethe meeting. Thisis calleda split assignment, andit
is themajorform of compromiseermittedin high schooltimetableconstruction.Universities
arenot subjectto this problem,becauséace-to-aceworkloadsarelighterandmoreflexible.
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3.3. Intractability owing to time-incoherence

The bin packing NP-compl etenessjust explained would vanishif all meetingswere of equal
size, they were aligned in time, and each teacher’ sworkload were amultiple of the meeting size.
Meeting sizes and workloads are not under the control of timetable construction programs, but
the alignment of meetingsintimeis. It was called time-coherence, and shown to be a powerful
heuristic in practice, in [1].

There are several ways to define time-coherence formally. One simple way is to define
the time-incoherence i(M) of a set of meetings M to be the number of pairs of meetings from
M that share at least one time. We can then define the decision problem TTC-TC to be TTC
augmented with the requirement that i (M) not exceed agiven bound K. Unfortunately, enforcing
time-coherence is NP-compl ete:

Theorem 3. BIN PACKING (with unary encoding) O TTC-TC.

Proof. We remind the reader that the purpose of this theorem is not just to prove the result
(we have aready done so in Theorem 2) but to construct a TTC instance which establishes an
independent source of NP-completeness.

As previously described, the NP-complete BIN PACKING problem asks whether a set of
itemsU = {u,, ...,u}, each with apositive integer size s(u;), can be packed into B bins each of
capacity C so that no binisoverfull. Transformto a TTC-TC instance whose groups are

timegroup Tis
t;... 5t
end T;

BC’

group Ris
r,
end R;

and whose meetingsare X, ..., X, and Y,, ..., Yy where the X; are
meeting X; is
r
s(u) T;
end X;;
and the YJ are

meeting Y is
1)c:+11- Sl
end ¥

and the bound on i(M) isK = n.

Suppose that the BIN PACKING instance has solution f : U - {1, ..., B}. For each
meeting X;, choose any s(u;) times (not already chosen) fromtheset § = {t (K-1)CH+1 t. .} where
k =f(u). Thisis possible because f guarantees that at most C times will be chosen from S. All
requirements are satisfied, and each X overlaps with exactly one Y, soi(M) = n.
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Conversely, suppose that the TTC-TC instance has asolution withi(M) < n. We must have
i(M) 2 nsince each X must overlap at |east oneY,, so i(M) = nand each X overlaps exactly one
Y. Setting f(u;) = j then defines a bin packing for the u. O

Any reasonabl e definition of time-coherence would permit the same transformation. In practice
then, when meeting sizes vary we cannot expect to maintain time-coherence.

Thisinevitablelossof time-coherence causes severe problemsin practice. Toillustratethis,
we present a tranformation which shows that, in the absence of time-coherence, the problem of
assigning meetingsto just one teacher is NP-compl ete:

Theorem 4. EXACT COVERBY 3-SETSO TTC.

Proof. Recall that the NP-complete EXACT COVER BY 3-SETS problem is as follows. We
aregivenaset X = {Xx,, ..., X, .}, and acollection of 3-subsetsof X called C = {C,, ..., C;} with
n > qg. The problem asksfor an exact cover of X, that is, asubcollection C' [ C such that every
element of X occursin exactly one element of C'.

LetC {C1.G,Cat for1<j<n,whereeachc K=X for somei suchthat 1 <i < 3g. We
transform an mstance o# EXACT COVER BY 3-SETSto a TTC instance whose groups are

timegroup Tis
v Xag

end T;

group Ris
rl; . rn_q; Z,
end R;

and whose meetingsare A, ..., An_q andB,, ..., B, wherethe A are

meeting A is
(a-3) T,
r;

end A,;

and the Bj are

meeting B; IS

CG1G2Gs

end BJ.;

Now suppose X has exact cover C'. Assign zto each B. suchthat C. 0 C'. Thisisfeasiblesince
no time x, appearsin two elements of C', and it takes care of g of the n meetings Bj. To each of
the remaining n — q meetings B, assign one of ther Thisleaves g free at all times except Cy 1
C 2 AN G 5, SOWemay assign the3q 3timesT - {ckl, Cy 2 G ot TOA. Theconverseissimilar:
in any solution to the TTC instance, z must be assigned to exactly q of the B and these define
an exact cover for X. O
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The constructed instance amounts to assigning meetings to a resource z (after their times have
been fix ed) so as to maximize the number of times that z is used. The importance of being
able to do this was discussed in relation to bin packing (Section 3.2), but now we find that
time-incoherence makes the problem NP-complete even when bin packing problems are
absent.

3.4. Intractability owing to conditionson times

As explained in Section 2, the choice of a meeting's times is often constrained by
requirements for double times, an even spread of times through the week, and so on. The
language for specifying these time conditions in TTL is sufficiently general that it permits
a transformation from the archetypal NP-complete problem, SATISIFIABILITY, containing
exactly one meeting with no resources but with a complex condition on the choice of times.
However, this problem is not encountered in practice: inreal instancesthe difficulty arisesfrom
theneed to satisfy the simpler timeconditionsof several meetingssimultaneously. Thefollowing
transformation establishes this NP-completeness:

Theorem 5. EXACT COVERBY 3-SETSO TTC.

Proof. Once again we remind the reader that the purpose is to construct independent
NP-complete instances of TTC, not merely to prove the result (which has been done before in
Theorem 4).

As previously described, the NP-complete EXACT COVER BY 3-SETS problem is
as follows. We are given a set X ={x,, ..., X}, and a collection of 3-subsets of X called
C={C,...,C} withn>q. Theproblem asks?or an exact cover of X, that is, a subcollection
coc such that every element of X occursin exactly one el ement of C'.

Leteach G = {¢ 4, G, C 5} Whereeach ¢, = x for somei. We transform an instance of
EXACT CoVv ER BY 3—SETS tothe TTC mstance Whose groups are
timegroup Tis
- Xag
end T
group Ris
r
end R;

and whose meetingsare M, ..., Mq where each Mj is

meeting M, is
3T,
r

end M;;

In addition, we impose on each M. the time condition that the three times chosen must be
{C1 G G ot fOrsomeksuchthat 1< k<n.

First suppose that the initial instance of EXACT COVER BY 3-SETS has a solution
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c={C/..., Cq'} . C' must have exactly g elements. For al j, assign thetimes of Cj' to meeting
Mj. The collection of al these sets of timesis pairwise digoint, as required by the presence of
r in each meeting, and each meeting’s times satisfy the time condition.

Conversely, any solution to the TTC instance defines a collection of digoint sets of times,
each of which satisfies the time condition, and from this we obtain a solution to the EXACT
COVER BY 3-SETSinstance. O

The TTL instance constructed here has small meetings, all with the same time condition, which
iIsasimplelist of alternativetime patterns as often occurs, for example, in university timetabling.
Thisis good evidence of intractability in practice.

Nevertheless there are special cases which can be solved efficiently . If the C. are pairwise
disoint the problem is obvioudly trivial. More generally, EXACT COVER BY 3-SETS is
solvable in polynomia time if each x; appearsin at most two of the CJ. [4].

We can identify a second easy special case based on the concept of asimpletime selection,
which we define as atime sel ection with atime condition requiring only that the times be chosen
from a given arbitrary subset of the set of all times. The problem of assigning times to any
number of time-digjoint meetings, each containing any number of simple time selections, can
be solved by bipartite matching in a graph whose edges connect nodes representing time slots
to nodes representing times.

Based on these two special cases and the observation that heuristic methods usually succeed
on this problem, it seemslikely that a restricted version exists which encompasses most of the
cases encountered in practice, and which is solvable in polynomial timefor sets of time-digoint
meetings. Heuristics are certainly adequate if occasional violations of the conditions are
acceptable.

Incidentally, we can reinterpret the assignment of times{c, ;,¢, ,,C, ;} to meeting M, as the
assignment of student r to section k of meeting M.. This shows that the assignment of sections
of university coursesto even a single student (as discussed in Section 3.1) is NP-complete.

3.5. Intractability of assigning two forms simultaneously

Oneuseful line of attack isto discover large subproblemsthat can be solved efficiently . One
such isthe matching subproblem introduced by de Werra[9] and generalized to * meta-matching’
by Cooper and Kingston [1], which assigns times to all the meetings of one form (all meetings
having a nominated student group in common) simultaneously, in such away that the demand
for the various types of teachers and rooms does not exceed their supply at any time.

The question naturally arises as to whether it is possible to assign suitable times to two
forms simultaneously in polynomial time. In the following proof of NP-completeness, MX,,
MXq stand for the meetings assigned previously, and MY, ..., MYq andMZ,, ..., MZq for the
meetings of the two forms to which we wish to assign times.

Theorem 6. THREE DIMENSIONAL MATCHING O TTC.

Proof: Recall that in the NP-complete THREE DIMENSIONAL MATCHING problem we are
giventhreesets X, Y, and Z, each containing g elements, andaset M [0 X x Y x Z. The problem
is to determine whether M contains a matching, that is, asubset M' [0 M such that [M'| = g and
every element of X, Y, and Z occurs exactly oncein M'. We transform thisto a TTC instance
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whose groups are

timegroup Tis
t;; ...;tq;
end T;

group Ris
M lyils;
end R;

and whose meetings are MX, ..., MXq, MY, ..., MYq, and MZ,, ..., MZq. These meetings al
have the same form, typified by

meeting MX; is
1T,
M

end MX;

wherethe MX select r, the MY, select r,, and the MZ, selectr,,.

But now, for each tri pIerq Xy Vi Z) N M, the complement of M in X x Y x Z, we create
two new resources o; and 3, and a resource subgroup R whose members are a; and [3 and we
add the selection 1 3 to Mg( MY,, and MZ_. Thlscompletesthetransformatlon

Suppose first that M contains amatching M'. For each triplem,’ = (X, ¥, Z) in M’, where
1<k<q, assigntimet, to MX, MY,, and MZ_.. Since M' contains each X, exactly once, each
MX; is assigned exactly one time, and these times are distinct, as required by the presence of r
in each one. Similar remarks apply to the MY, and the MZ,.

It remainsto check that all the 1 R selections are satisfied. Since R has two elements, the
only possible violation would be if al three meetings MX,, MY, and MZ_ scheduled for time
t, contained 1 R for some particular j. But by constructlon thlswould |mply Xy ¥y 20 O M,
contradlctlng( Y Z) O M.

Conversely, if the TTC instance has a solution, the presence of r, ensures that the MX;
are assigned different times, and similarly for the MY; and the MZ,. It follows that the solution
can be expressed as a set of q triples (MX,, MY,, MZ) of meetings that occur simultaneously.
By replacing each meeting by the corresponding element of X, Y, or Z, we arrive at a matching
SOXxYxZ Since MX,, MY,, and MZ, occur simultaneously, they cannot all contain the
selection 1 5 for any particular j, so by construction the corresponding (x,, ,,, Z) cannot be an
element of M. Hence SO M. 0

The complexity of the set M is easily achievablein real instances, owing to ‘ elective’ meetings
which select anumber of teachers and rooms of arbitrary types. Thiswould seem to rule out all
hope of assigning two forms simultaneously.

4. Conclusion

This paper has demonstrated that the timetable construction problem is NP-complete in
fiv equite independent ways. This explains why timetable construction is so difficult.
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Theinstancesonstructeah ourtransformationaresuchasactuallyoccurin practice. This

Isimportantbecausd ensureshattheintractabilityis real,notmerelyanartifactof themethod
of specification.Whereknown we haveindicatedspeciakcasesandcompromisesvhichmaybe
usedto work aroundthe problems.

Against these nggative resultswe can set the limited size of timetable construction

instances.High schoolswith morethan100teachersarerare;a weekof morethan40 times
Is alsorare. Universityproblemsarelargerbut seemto be easier As ingenuityandcomputing
powerincreasetimetableconstructiorwill becomeeasiblein practice.
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