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Abstract

This paperdescribesTT2, a computerprogramfor high schooltimetableconstruction.The
programisacombinationof treesearchandtechniquesfromoperationsresearch(matchingsand
flows). Two instancestakenwithoutsimplificationfrom realhighschoolshavebeensolved.
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1. Intr oduction

The high school timetableconstructionproblemis to assigntimes, teachers,students,
androomsto a collectionof meetingssothatnoneof theparticipantsis requiredto attendtwo
meetingssimultaneously. This basicrequirementis oftenaccompaniedby others,suchasthat
the timesof a meetingshouldbespreadevenly throughtheweek,andsoon. Theproblemis
well known to beNP-hard[4].

This paperdescribesthe specificationlanguagethat we usefor describingreal instances
of the timetablingproblem,our currenthigh school timetableconstructionprogram(which
we call TT2), andthe resultswe have obtainedwith it. Our approachmay be characterized
roughly astreesearch,with move generationandpruningrulesbasedon techniquesadapted
from operationsresearch.

Many approacheshavebeentried,andthereaderis referredto theannotatedbibliography
of SchmidtandStröhlein[7] andthemorerecentbibliographiesavailableon theInternet,such
as[1]. Wecanmentionhereonly work directly relatedto ourown.

Thefirst applicationof operationsresearchtechniquesto timetableconstructionseemsto
havebeenby Csima[3], whowasableto solveaspecialcasein polynomialtime. His methods
werechampionedby Lions[5, 6]. Theworkof deWerra[8, 9] containsseveralnetworkmodels,
oneof which hasfoundits way into our work. Our searchtechniques,primarily beamsearch,
arestandardin theartificial intelligenceliterature[10].

2. Specification

In this sectionwe presenta specificationof the timetableconstructionproblembasedon
a timetablespecificationlanguage calledTTL. This languageis formal yet flexible enoughto
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specify instances encountered in practice. An earlier version of TTL appeared in [2].

A TTL instance consists of a time group, some resource groups, and some meetings. Here
is a typical time group:

timegroup Times is

Mon1; Mon2; Mon3; Mon4; Mon5; Mon6; Mon7; Mon8;
Tue1; Tue2; Tue3; Tue4; Tue5; Tue6; Tue7; Tue8;
Wed1; Wed2; Wed3; Wed4; Wed5; Wed6; Wed7; Wed8;
Thu1; Thu2; Thu3; Thu4; Thu5; Thu6; Thu7; Thu8;
Fri1; Fri2; Fri3; Fri4; Fri5; Fri6; Fri7; Fri8;

"[ . . . . : . . : . , ][ . . . . : . . : . , ][ . . . . : . . : . , ][ . . . : . . : . . , ][ . . . . : . . : . , ]"

end Times;

It lists the names of the times available for meetings, followed by a specification of the way in
which the times are distributed over the days of the week: brackets enclose days, colons signify
breaks, and dots and commas stand for times, with comma times being considered undesirable.
The above example specifies fiv edays, with breaks after the fourth and sixth times except on
Thursdays, and the last time on each day being undesirable.

Here is a typical resource group:

group Teachers is
subgroups English, Science, Computing;

Smith in English, Science;
Jones in Science, Computing;
Robinson in Computing;

end Teachers;

This group contains resources (Smith, Jones, and Robinson) which are available to attend
meetings, and subgroups which are subsets of the set of resources defining functions that the
resources are qualified to perform: teach English, etc. A resource may be in any number of
subgroups. Typical instances have Teachers, Rooms, and Students resource groups.

After the groups come the meetings, which are collections of slots which are to be assigned
elements of the various groups, subject to certain restrictions. For example, here is a typical
meeting expressing fiv eScience classes which meet simultaneously for six times per week:

meeting 10-Science is
Year10;
5 Science;
5 ScienceLab;
6 Times: TwoDouble;

end 10-Science;

There is one slot which must contain the Year10 resource from the Students group; fiv eslots
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which must contain resources from the Sciencesubgroup; fiv eresources from the ScienceLab
subgroup of the Roomsgroup, and six times from the Timesgroup, which must satisfy the
condition TwoDouble. This condition is defined to mean that the times must contain two pairs
of adjacent times not spanning a break, and also that the times are to be spread over as many
days as possible with at most one undesirable time in the set. There is a small fix edlist of such
conditions built into our program, which can easily be extended as required. Formally, the
meaning is that the eleven selected resources will all be occupied together for the six times; in
fact, it is clear that the Year 10 students will be split into fiv egroups.

The problem is to find an assignment of times and resources to all the slots that satisfies
the various conditions and is such that no two meetings with a resource in common share a time.
In our experience, schools insist that all slots be filled with times and appropriate resources, so
our program will fail rather than compromise on this. However we are willing to compromise
in two respects: time conditions need not be perfect, and resource slots may be occupied by one
appropriate resource at one time, and a different appropriate resource at another (this is called
a split assignment). We try to minimise the number of these defects.

We have used the TTL language successfully, with some unimportant extensions, to specify
high school instances. Real instances may have two hundred or more meetings altogether, and
capturing them in full detail in TTL can take half a day or more of careful work with the school’s
timetable coordinator.

3. The TT2 program

This section describes the current version of our program, TT2, in detail. TT2 has evolved
over the past two years from our TT1 program, which was the subject of an earlier paper [2].

3.1. Assigning times

The first major stage of the TT2 program assigns times to all meetings in such a way that
the resources needed at any time do not exceed the resources available. This condition, which
we have called the resourcesufficiencyinvariant [2], is maintained throughout the execution of
the program. We do not assign particular resources to meetings during this stage.

A set of meetings is called a time-disjointmeeting-setif no two of the meetings may share
a time (for any reason). For example, the set of meetings attended by the Year 10 students must
be time-disjoint, because these students cannot attend two meetings simultaneously.

The basic step of our time assignment algorithm is not the assignment of times to one
meeting, but rather the assignment of times to all the meetings of one time-disjoint meeting-set.
This exemplifies a recurring theme in our work: we try to identify large sets of assignments that
strongly constrain each other, and perform them in a coordinated way.

When assigning times to the meetings of one time-disjoint meeting-set, the resource
sufficienc yinvariant must be maintained. That is, for each time t, the resources needed by the
meeting assigned time t must be able to be added to the resources needed by all meetings assigned
time t in previous steps, without exceeding the resources available. In addition to this absolute
requirement, we also wish to maximize the following measures of the quality of the partial
solution:
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Time conditions. The times assigned should satisfy each meeting’s time conditions, specifying
double times, an even spread through the week, and so on.

Time-coherence. The times assigned should cause the meetings to line up in time with meetings
assigned previously, as far as possible. Our measure of time-coherence badness is the sum
over all overlapping meetings of the number of times that lie in one meeting but not the other
multiplied by a measure of the similarity between the resource requirements of the two meetings.
Experience shows that time-coherence greatly improves the program’s chances of finding a
complete solution [2].

Freedom. The times assigned should allow other meetings, not yet assigned times, as wide a
choice of times as possible. We measure this for each of these other meetings by dividing the
number of times that it can be assigned by the number of times that it requires, and we sum these
ratios.

Evenness. If the times assigned force all of the elements of some subgroup (for example, the
Mathematics teachers) to attend meetings at some particular time, and hence none or few are
required to attend at some other time, this unevenness can cause problems later when assigning
resources. We prefer to leave most subgroups less than fully occupied at most times.

An assignment of times (to all the meetings of one time-disjoint meeting-set) which satisfies
resource sufficienc yalone can be found in polynomial time using the ‘meta-matching’ algorithm
introduced in [2], whenever such an assignment exists. However, to take everything into account
we use a randomized tree search in which meta-matching is used as a tree pruning rule, and time
conditions, time-coherence, freedom and evenness contribute to the badness function.

This basic step of the TT2 time assignment stage, as just described, differs significantly
from the corresponding TT1 step only in the badness function of the search. However, the
way in which the whole sequence of basic steps is carried out has changed completely. We now
use a beam search. We maintain a set of the n best solutions so far (the beam), for some fix ed
integer n. For each solution, we choose the unassigned time-disjoint meeting-set that appears to
be most constrained, and perform a basic step on it. We allow the tree search to return up to m
different assignments, for a second fix edinteger m, if such can be found, and so the size of our
beam expands to up to n ⋅ m. This is then culled to n based on the badness function, although
we also try to maintain diversity by excluding very similar solutions. All this is repeated until
times have been assigned to every time-disjoint meeting-set.

If the beam ever becomes empty, we have failed and we can either quit or try again from
the beginning with a different random number seed. In practice we always succeed, although
with some imperfections in time conditions and not as much time-coherence as we would like.

We have said that this first stage assigns times to all meetings, but that is not quite true.
Consider a meeting which contains exactly one specified resource, and no other resource slots.
We call it a single-resource meeting:

meeting SmithFree is
Smith;
10 Times: TeacherFree;

end SmithFree;

This meeting ensures that Smith has at least 10 free times each week, and the time condition
requires that there be at least one each day.
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Now it would not be sensible to decide first what times Smith is to be free, then
subsequently look for meetings to assign Smith to that do not intrude on these times. Much
better to assign Smith to meetings first, taking care to leave 10 suitable times free, and then
assign those to SmithFree. Accordingly, single-resource meetings are left unassigned during the
time-assignment stage.

3.2. The atomic invariant

Before explaining how we assign resources during the second major stage of the TT2
program, we pause to describe separately some ideas that will prove very useful in that stage.
We will use the TTL instance

timegroup Times is
Mon1; Mon2; Mon3; Mon4; Mon5;

end Times;

group Teachers is
subgroups English, Science, Computing;

Smith in English, Science;
Jones in Science, Computing;
Robinson in Computing;

end Teachers;

meeting 8-Science is
3 Times;
2 Science;

end 8-Science;

meeting 8-English is
2 Times;
1 English;

end 8-English;

meeting 8-Computing is
2 Times;
2 Computing;

end 8-Computing;

as a running example. It has one essentially unique solution, in which the English and
Computing meetings have the same times, and the Science meeting has different times.

A time-resource atom, or just atom, is a pair consisting of one time and one resource, for
example (Mon1, Smith). The instance above has 5 × 3 = 15 atoms altogether; each represents
the availability of one resource at a particular time.

An atom slot is a pair consisting of one time slot and one resource slot from one meeting.
For example, meeting 8-Science above has 6 identical atom slots (1 Times, 1 Science), and the
instance has 3 × 2 + 2 × 1 + 2 × 2 = 12 atom slots altogether. Each represents a demand for one
resource for one time.
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The atomicgraphis a bipartite graph whose left-hand nodes are all the atom slots from all
the meetings, and whose right-hand nodes are all the atoms:

(1 Times, 1 Science) (Mon1, Smith)

(1 Times, 1 Science) (Mon1, Jones)

(1 Times, 1 Science) (Mon1, Robinson)

⋅⋅⋅
⋅⋅⋅

We join each atom slot to each atom that may satisfy it. For example, we cannot join (1 Times,
1 Science) to (Mon1, Robinson) because although Mon1 is a suitable time, Robinsonis not a
Science teacher.

Now if the original TTL instance has a solution, then this graph must have a matching,
defined here as a subset of its edges such that every atom slot node is incident to exactly one
edge, and every atom node is incident to at most one edge. An algorithm which requires this
graph to have a matching at all times is said to obey the atomicinvariant. The bipartite matching
problem is well known, and efficient algorithms exist for determining whether or not a matching
exists, so this invariant can be checked quickly.

Initially, before any assignments except preassignments have been made, this invariant is
able to detect some quite subtle inconsistencies, such as insufficient Mathematics and Computing
teachers to cover the Mathematics and Computing meetings, taking teachers’ free times, faculty
meetings, etc. into account. In other respects it seems quite weak; for example, it is unaware
that the times assigned to a meeting must be distinct.

As the first stage of the algorithm progresses, times are assigned to meetings and the atom
slots change, for example from (1 Times, 1 Science) to (Mon3, 1 Science). This greatly reduces
the number of suitable atoms, to those containing time Mon3 and a Science teacher in our
example, so many edges are deleted, matchings become harder to find, and the atomic invariant
becomes much stronger.

By the end of the time assignment stage, the only unassigned slots are resource slots in
ordinary meetings, and time slots in single-resource meetings. In both cases at least one of
the two components of each associated atomic slot is fix ed. The atomic invariant subsumes the
resource sufficienc yinvariant (but not meta-matching), since the atom slots containing a fix ed
time t test for resource sufficienc yat t. At present TT2 does not check the invariant until the
time assignment stage ends, but it is checked constantly thereafter.

3.3. Resourceflow

TT2 contains a network flow model of resource assignment to subgroups, which we call
the resourceflowgraph. Here is the graph for the instance from Section 3.2:
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Computing Robinson

∞

∞

∞

∞
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For each resource subgroup there is one left-hand node, and it has one incoming edge from the
source labelled by the total number of times that the subgroup has to be taught; in the above
example, there are 2 times of English to be taught, for example. For each resource there is one
right-hand node with one outgoing edge to the sink labelled with the total number of times that
the resource is available. (This will in general be less than the total number of times, owing to
meetings such as single-resource meetings to which this resource is preassigned.) Edges labelled
∞ connect each subgroup node to every resource in that subgroup.

If the TTL instance has a solution, then this graph must have a resourceflow, defined here
as a network flow from source to sink of size equal to the sum of the labels of the edges leaving
the source. Consequently the existence of a resource flow could be used as an invariant.

However, we do not use resource flow as an invariant, for the following reason. Take
an atomic graph (Section 3.2), replace all particular times by the generic ‘1 Times’, coalesce
identical nodes, add a source and sink, and use the node multiplicities as edge labels. The result
is a resource flow graph. Thus the resource flow graph is just the atomic graph with information
about specific times omitted, and it can never signal an inconsistent state unless the atomic
invariant does so as well.

TT2 contains adaptations of standard network flow algorithms which find the maximum
and minimum possible flow down each edge consistent with a resource flow. For example, in
the graph given above, at most 2 units of flow can pass down the edge from Computingto Jones.
We use this information when generating assignments of resources to meetings. It may happen,
for example, that a Mathematics teacher is qualified for other subjects, but resource flow shows
that almost all of the slots assigned to that teacher must nevertheless be Mathematics slots, and
thus we would avoid generating assignments involving other slots.

When a resource is assigned to a slot, the edge weights adjacent to the two affected nodes
must be reduced by the number of times involved. This necessitates a recalculation of the flow
maxima and minima. Since we assign a resource to its complete set of meetings in a single
operation (Section 3.5), this recalculation is done only once per resource.

3.4. The clash clique invariant

Our resource assignment algorithm is based on a graph that we call the clashgraph. In
this section we describe the clash graph and an invariant arising from it called the clashclique
invariant. These will be put to work in the next section.

Suppose that times have been assigned to meetings. Take any set of resource slots requiring
assignment, and build a graph which has one node for each resource slot, and an edge joining
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two nodes whenever the two meetings from which the two slots come have at least one time in
common. This is the clash graph for those resource slots. For example, here is the clash graph
for the resource slots of the essentially unique solution to the instance of Section 3.2:

Science (3) English (2)

Science (3) Computing (2) Computing (2)

Within the node we write the resource subgroup of the slot and, in parentheses, the number of
times in the slot’s meeting. The numbers will not be used in this section. An edge between two
nodes means that the two slots clash, so no resource may be assigned to both slots.

Now take any clique in the clash graph. (A clique is a set of nodes such that every two
nodes in the set are connected by an edge.) No two slots in the clique may be assigned the one
resource. Construct a bipartite graph with one left-hand node for each node in the clique, and
one right-hand node for each resource in the instance. Join each slot node to the resources that
may be assigned to the slot. For example, for the clique consisting of the English and Computing
slots in the graph above, the bipartite graph is

English (2) Smith

Computing (2) Jones

Computing (2) Robinson

Now if the TTL instance has a solution, this includes an assignment of resources to the slots
of this graph. Because the slots clash and no resource may be assigned to any two of them, this
assignment must be a matching. Thus we may use the existence of a matching in any bipartite
graph derived from a clash clique as an invariant, which we call the clash clique invariant.

Ideally, we would maintain one bipartite graph for each maximal clique in the clash graph.
Unfortunately, there may be exponentially many maximal cliques, in practice as well as in theory,
so we use a heuristic method which looks for large cliques in likely places. For example, the set
of all resource slots from meetings which contain a particular time t form a clique. It is easy to see
that the bipartite graph for this clique is exactly what is required to test for resource sufficienc y
at time t. However, it is frequently possible to find other meetings which clash with all of these
ones despite not themselves containing time t. For example, consider these three meetings:

meeting M1 is
Mon1; Mon2;
1 Science;

end M1;
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meeting M2 is
Mon2; Mon3;
1 Science;

end M2;

meeting M3 is
Mon3; Mon1;
1 Science;

end M3;

Two Science teachers are enough to satisfy resource sufficienc yat all times. The clique built
from the meetings containing time Mon1 contains the Science slots from meetings M1 and M3,
but since M2 clashes with both of these meetings its Science slot may be added to the clique.
Consequently the bipartite graph for this clique has three slot nodes, and no matching with only
two teachers exists. If the clique from each particular time t, possibly extended in this way, is
monitored by its own bipartite graph, then the clash clique invariant will always be at least as
strong as the resource sufficienc yinvariant, and often stronger.

It is possible to detect a forced assignment by deleting one edge of any bipartite graph and
seeing whether a matching is then impossible. Similarly, one can make an assignment and see
whether a matching for the remainder is then impossible, in which case we have what may be
called a forced non-assignment. This information can be propagated to other invariants; we have
found a surprisingly large number of forced moves in this way.

Incidentally, the clash graph explains very clearly the importance of maximizing
time-coherence during the time assignment stage (Section 3.1). Better time-coherence translates
into fewer edges in the clash graph and a less constrained resource assignment problem.

3.5. Assigning resources

The second major stage of the TT2 program assigns all the slots left unassigned by the first
stage: all resource slots, and all time slots in single-resource meetings.

We enter this stage with the atomic invariant holding (Section 3.2), which by this point has
become very strong. The matching in the atomic graph guaranteed by this invariant provides an
assignment to all remaining slots. We could make this assignment and quit immediately, except
for one problem.

The sole problem is that this assignment does not guarantee that the same resource will be
assigned to a slot for all the times of a meeting. For example, we might find that a Science slot is
assigned Smith at one time and Jones at another, a defect known as a split assignment. The need
to avoid or at least minimize split assignments we call the resource constancy requirement.

We measure resource constancy by the percentage of resource slots that are not split. In
practice, 100% resource constancy (no split assignments) seems impossible to achieve. As a rule
of thumb, we aim for 95% resource constancy with each split assignment shared between two
resources, never three or more. Resource assignment thus has the character of a search through
a space of feasible solutions delimited by the atomic invariant, looking for one with high resource
constancy. Total failure is not possible here, as it was in the time assignment stage.

Each resource group may be assigned independently of the others. Although all resource
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groupsareformally equivalent,in practicethey differ in theirconstancy requirements.Student
resourcesareall preassigned,sothereareno assignmentsto make. Roomconstancy, although
formally requiredby the TTL language,is requiredby schoolsonly during doubleandtriple
times. In practice,then,resourceconstancy meansteacherconstancy.

TT2 containsasimpleresourceassignmentalgorithmusedfor rooms. It assignsroomsto
roomslotsoneby one,checkingthattheatomicinvariantisnotviolated. Any unassignableslots
receive split assignments.Maintenanceof theatomicinvariantguaranteesthat this algorithm
will nevergetstuck.

The remainderof this sectionexplains the much more elaborateresourceassignment
algorithmthatwe usewhenconstancy is important– in practice,for teacherassignment.This
hasbeenthemostdifficult problemthatwehaveencounteredin ourwork on timetabling.

Ouroverall structureis abeamsearch,asin thetimeassignmentstage.In our instancesit
is vital thateachteacherbeutilizedcompletelyor almostcompletely, soourbasicstepis not the
assignmentof oneresourceto oneslot,but rathertheassignmentof oneresourceto awholeset
of non-clashingslotswhichutilize theresourceascompletelyaspossible.

Thegenerationof suitablesetsof slotsfor oneresourceproceedsasfollows. Wearelooking
for asetof nodesin theclashgraphsuchthatno two nodesin thesetareconnectedby anedge
(an independent set of nodes).Thetotal sizemustequalor almostequalthenumberof times
that theresourcein questionis available. Finally, it mustbepossibleto assignall of theslots
to the resourcewithout violating theatomicinvariant(which implies thatany single-resource
meetingscontainingthe resourcecanbe assignedtimesfrom thoseleft over) andpreferably
withoutviolating theclash-cliqueinvarianteither.

We find not just oneindependentset for eachresource,but up to 50. Finding maximal
independentsetsis NP-hard,andso our methodis basicallyexhaustive search,but we have
severalwaysof reducingthecost. We try to partitiontheprobleminto faculties,sothatwe do
notwastetimeexaminingEnglishslotswhenassigningMathematicsteachers.Slotswhosesets
of timesareidentical(or sufficientlysimilar thatthey clashwith thesameslots,andwith each
other)areallowedtoshareonenode,sothatwedonotwastetimeexaminingessentiallyidentical
slots. Resourceflow (Section3.3) is usedto tell usthatat leastsomany Mathematicstimes(or
whatever) mustbeincludedin any independentset;andby tentatively deletingtheresourcein
questionfrom a clashclique,we canoftenprove thatevery independentsetmustincludeone
slot from thatclique.

If a particularnodeappearsin every independentsetthatwe find for someresource,we
take the assignmentof that resourceto someslot in that node to be forced. Other forced
assignmentscanbe detectedby the clashclique invariant. We checkcarefully for andmake
forcedassignmentsateverystep,sincein ourexperiencetherearemany of them.

At eachstepwechoosefor assignmenttheresourcewith thefewestindependentsets.We
try severalindependentsets,producingmultiplepartialsolutionswhichfill ourbeam.

Becausewe only permit assignmentsof independentsetsthat do not violate the atomic
invariant, total failure cannotoccur. However, occasionallywe may be unableto find any
independentset of sufficient size for someresourcewhoseassignmentwill not violate the
invariants. This meansthat furtherprogressfrom thecurrentstaterequiresa split assignment
involving that resource.We prefer to abandonthis whole line of assignmentsif this occurs,
relying on the othermembersof our beamto carry on. But if the beamthreatensto become
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empty, wemustdoasplit assignment.

At present,whenasplit assignmentbecomesnecessary, theprogramprintsouttherelevant
informationandrequirestheuserto decidewhich slot to split andhow. We plan to automate
this decisionvery soon. Providedour overall algorithmleadsto few split assignments,it will
notmatterif theprecisechoicesmadearesomewhatsimple-minded.

4. Results

Ourprogramis still beingdeveloped,sowehavenotattemptedto solvea largenumberof
instancesyet. However, we have solvedtwo instancestakenwithout simplificationfrom high
schoolsin theSydney area.Wecall theseinstancesBGHS94andJAM94.

BGHS94has40 times,26 studentresources(eachtypically representinga groupof thirty
to forty students),50 teachers,48 rooms,and 199 meetings,many of which are aggregate
meetingslike10-Science in Section2. Ourbestsolutionsolvestheinstance,theonly significant
compromisesbeingthat10of the114doubletimesrequested(8%)aresuppliedby two singles
instead,16teachersdonotreceiveafreetimeonsomeday, and28of the326teacherslots(8%)
aresplit betweentwo teachers.No slotsaresplit amongthreeor moreteachers.TheCPUtime
for thetimeassignmentstagewas91 minutes,with a beamwidth of 100;thetime for resource
assignmentwasdominatedby thetime takenby theuserto decidewhichslotsto split.

JAM94 has40 times,45 studentresources,97 teachers,79 rooms,and 252 meetings.
Despitethelargersizeit seemsto beeasierthanBGHS94.Ourbestsolutionsolvestheinstance.
The only significantcompromisesare that 15 of the 125 doubletimes requested(12%) are
suppliedby two singlesinstead,and17of the580teacherslotsrequested(2%)aresplit between
two teachers.Onceagain,noslotsaresplit amongthreeor moreteachers.

5. Conclusions and future work

TheTT2programhassucceededin constructingtimetablesfor realhighschoolinstancesin
areasonableamountof time. Itsresultsaresomewhatdeficientin theareaof timeconditions,and
its handlingof split assignmentsmustbeautomated,but thesearerelatively minorproblems.

We planto reorganizetheprogramsothat its componentscanbeusedin a moreflexible,
integratedway. Thiswill allow ustodetectandperformforcedassignmentsduringthefirststage
thatarecurrentlydiscoveredonly duringthesecond.After this hasbeendone,we expectthat
minor incrementalimprovementswill be sufficientto reachour goal of producingtimetables
reliably. Wehavenotyetseenourtimetablesadopted,butweareconfidentthatthatdayisclose,
andwe arein contactwith a numberof high schoolsthat have expressedinterestin working
with usto solve their timetablingproblems.
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