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Abstract

This paperdescribesT T2, a computerprogramfor high schooltimetableconstruction. The
programis acombinatiorof treesearclandtechnique$rom operationsesearclimatchingsand
flows). Two instancesakenwithout simplificationfrom realhigh schoolshave beensolved.
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1. Intr oduction

The high schooltimetable constructionproblemis to assigntimes, teachersstudents,
androomsto a collectionof meetingssothatnoneof the participantds requiredto attendtwo
meetingssimultaneously This basicrequirements oftenaccompaniedby others,suchasthat
the timesof a meetingshouldbe spreadevenly throughthe week,andsoon. The problemis
well known to be NP-hard[4].

This paperdescribeghe specificationanguagehat we usefor describingreal instances
of the timetabling problem, our currenthigh schooltimetableconstructionprogram(which
we call TT2), andthe resultswe have obtainedwith it. Our approachmay be characterized
roughly astree searchwith move generatiorand pruning rules basedon techniquesadapted
from operationgesearch.

Marny approachebave beentried, andthereaderis referredto the annotatedibliograpty
of SchmidtandStrohlein[7] andthe morerecentbibliographiesavailableon the Internet,such
as[1]. We canmentionhereonly work directly relatedto our own.

Thefirst applicationof operationgesearchechniquedo timetableconstructiorseemgo
have beenby Csima[ 3], whowasableto solve aspecialcasen polynomialtime. His methods
werechampionedby Lions[5, 6]. Thework of deWerra[8, 9] containsseveralnetwork models,
oneof which hasfoundits way into our work. Our searchtechniquesprimarily beamsearch,
arestandardn theartificial intelligenceiterature[10].

2. Specification

In this sectionwe presenta specificatiorof the timetableconstructionproblembasedon
atimetablespecificationanguage called TTL. Thislanguages formal yet flexible enoughto
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specify instances encountered in practice. An earlier version of TTL appeared in [2].

A TTL instance consists of atime group, some resource groups, and some meetings. Here
Isatypical time group:

timegroup Timesis

Monl; Mon2; Mon3; Mon4; Mon5; Mon6; Mon7; MonsS;
Tuel; Tue2; Tue3; Tued; Tueb; Tueb;, Tue7; Tues;

Wedl; Wed2; Wed3; Wed4; Wed5; Wed6; Wed7; \Weds;
Thul; Thu2; Thu3; Thud; Thu5; Thu6; Thu7; Thu$;
Fril; Fri2; Fri3; Fri4; Fri5; Fri6; Fri7; Fri8;

end Times,

It lists the names of the times available for meetings, followed by a specification of the way in
which the times are distributed over the days of the week: brackets enclose days, colons signify
breaks, and dots and commas stand for times, with comma times being considered undesirable.
The above example specifies fiv edays, with breaks after the fourth and sixth times except on
Thursdays, and the last time on each day being undesirable.

Hereisatypical resource group:

group Teachersis
subgroups English, Science, Computing;

Smith in English, Science;
Jonesin Science, Computing;
Robinson in Computing;

end Teachers;

This group contains resources (Smith, Jones, and Robinson) which are available to attend
meetings, and subgroups which are subsets of the set of resources defining functions that the
resources are qualified to perform: teach English, etc. A resource may be in any number of
subgroups. Typical instances have Teachers, Rooms, and Students resource groups.

After the groups come the meetings, which are collections of slotswhich areto be assigned
elements of the various groups, subject to certain restrictions. For example, here is a typical
meeting expressing fiv eScience classes which meet simultaneously for six times per week:

meeting 10-Scienceis
Year10;
5 Science;
5 Sciencelab;
6 Times. TwoDouble;
end 10-Science;

There is one slot which must contain the Year10 resource from the Sudents group; fiv eslots
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which must contain resources from the Sciencesubgroup; fiv eresources from the ScienceLab
subgroup of the Roomsgroup, and six times from the Timesgroup, which must satisfy the
condition TwoDouble This condition is defined to mean that the times must contain two pairs
of adjacent times not spanning a break, and also that the times are to be spread over as many
days as possible with at most one undesirabletime in the set. Thereisasmall fix edlist of such
conditions built into our program, which can easily be extended as required. Formally, the
meaning is that the eleven selected resources will all be occupied together for the six times; in
fact, it isclear that the Year 10 students will be split into fiv egroups.

The problem is to find an assignment of times and resources to all the slots that satisfies
the various conditions and is such that no two meetings with aresourcein common shareatime.
In our experience, schoolsinsist that all slots be filled with times and appropriate resources, so
our program will fail rather than compromise on this. However we are willing to compromise
Intwo respects: time conditions need not be perfect, and resource slots may be occupied by one
appropriate resource at one time, and a different appropriate resource at another (thisis caled
asplitassignment We try to minimise the number of these defects.

We have used the TTL language successfully, with some unimportant extensions, to specify
high school instances. Real instances may have two hundred or more meetings altogether, and
capturing themin full detail in TTL can take half aday or more of careful work with the school’s
timetable coordinator.

3. TheTT2 program

This section describes the current version of our program, TT2, in detail. TT2 has evolved
over the past two years from our TT1 program, which was the subject of an earlier paper [2].

3.1. Assigningtimes

The first magjor stage of the TT2 program assigns times to all meetingsin such a way that
the resources needed at any time do not exceed the resources available. This condition, which
we have called the resouce sufficiencyinvariant[2], is maintained throughout the execution of
the program. We do not assign particular resources to meetings during this stage.

A set of meetingsis called atime-disjointmeeting-seif no two of the meetings may share
atime (for any reason). For example, the set of meetings attended by the Year 10 students must
be time-digoint, because these students cannot attend two meetings simultaneously.

The basic step of our time assignment algorithm is not the assignment of times to one
meeting, but rather the assignment of timesto all the meetings of one time-disjoint meeting-set.
Thisexemplifiesarecurring themein our work: wetry to identify large sets of assignmentsthat
strongly constrain each other, and perform them in a coordinated way.

When assigning times to the meetings of one time-disjoint meeting-set, the resource
sufficienc yinvariant must be maintained. That is, for each timet, the resources needed by the
meeting assigned timet must be ableto be added to the resources needed by all meetingsassigned
timet in previous steps, without exceeding the resources available. In addition to this absolute
requirement, we also wish to maximize the following measures of the quality of the partial
solution:
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Time conditions. The times assigned should satisfy each meeting’s time conditions, specifying
double times, an even spread through the week, and so on.

Time-coherence. Thetimesassigned should cause the meetingsto line up in timewith meetings
assigned previoudly, as far as possible. Our measure of time-coherence badness is the sum
over al overlapping meetings of the number of times that lie in one meeting but not the other
multiplied by ameasure of the similarity between the resource requirements of the two meetings.
Experience shows that time-coherence greatly improves the program’s chances of finding a
complete solution [2].

Freedom. The times assigned should allow other meetings, not yet assigned times, as wide a
choice of times as possible. We measure this for each of these other meetings by dividing the
number of timesthat it can be assigned by the number of timesthat it requires, and we sum these
ratios.

Evenness. If the times assigned force all of the elements of some subgroup (for example, the
Mathematics teachers) to attend meetings at some particular time, and hence none or few are
required to attend at some other time, this unevenness can cause problems later when assigning
resources. We prefer to leave most subgroups less than fully occupied at most times.

An assignment of times (to all the meetings of one time-digoint meeting-set) which satisfies
resource sufficienc yalone can be found in polynomial time using the  meta-matching’ algorithm
introduced in[2], whenever such an assignment exists. However, to take everything into account
we use arandomized tree search in which meta-matching is used as atree pruning rule, and time
conditions, time-coherence, freedom and evenness contribute to the badness function.

This basic step of the TT2 time assignment stage, as just described, differs significantly
from the corresponding TT1 step only in the badness function of the search. However, the
way in which the whol e sequence of basic stepsis carried out has changed completely. We now
use a beam search. We maintain a set of the n best solutions so far (the beam), for some fix ed
integer n. For each solution, we choose the unassigned time-disjoint meeting-set that appearsto
be most constrained, and perform abasic step on it. We alow the tree search to return up tom
different assignments, for a second fix edinteger m, if such can be found, and so the size of our
beam expands to up to n Cm. Thisisthen culled to n based on the badness function, although
we also try to maintain diversity by excluding very similar solutions. All thisis repeated until
times have been assigned to every time-digoint meeting-set.

If the beam ever becomes empty, we have failed and we can either quit or try again from
the beginning with a different random number seed. In practice we always succeed, although
with some imperfectionsin time conditions and not as much time-coherence as we would like.

We have said that this first stage assigns times to all meetings, but that is not quite true.
Consider a meeting which contains exactly one specified resource, and no other resource slots.
We call it a single-resource meeting:

meeting SmithFreeis
Smith;
10 Times. TeacherFree;
end SmithFree;

This meeting ensures that Smith has at least 10 free times each week, and the time condition
requires that there be at least one each day.
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Now it would not be sensible to decide first what times Smith is to be free, then
subsequently look for meetings to assign Smith to that do not intrude on these times. Much
better to assign Smith to meetings first, taking care to leave 10 suitable times free, and then
assign thoseto SmithFree. Accordingly, single-resource meetingsare left unassigned during the
time-assignment stage.

3.2. Theatomicinvariant

Before explaining how we assign resources during the second major stage of the TT2
program, we pause to describe separately some ideas that will prove very useful in that stage.
We will usethe TTL instance

timegroup Timesis
Monl; Mon2; Mon3; Mon4; Monb5;
end Times,

group Teachersis
subgroups English, Science, Computing;

Smith in English, Science;
Jonesin Science, Computing;
Robinson in Computing;

end Teachers;

meeting 8-Scienceis
3 Times,
2 Science;

end 8-ience;

meeting 8-Englishis
2 Times,
1 English;

end 8-English;

meeting 8-Computing is
2 Times,
2 Computing;

end 8-Computing;

as a running example. It has one essentially unique solution, in which the English and
Computing meetings have the same times, and the Science meeting has different times.

A time-resource atom, or just atom, is a pair consisting of one time and one resource, for
example (Mon1, Smith). The instance above has 5 x 3 = 15 atoms altogether; each represents
the availability of one resource at a particular time.

An atomslot isapair consisting of one time slot and one resource slot from one meeting.
For example, meeting 8-Science above has 6 identical atom slots (1 Times, 1 Science), and the
instancehas3 x 2+ 2 x 1+ 2 x 2 = 12 atom slots altogether. Each represents a demand for one
resource for one time.
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The atomicgraphis a bipartite graph whose |eft-hand nodes are all the atom slots from all
the meetings, and whose right-hand nodes are all the atoms:

< Times 1 Sciengg>—<__ (Vord, Smifj >
—
(Times 1 Senc > (Vord, Jone§

(L Times 1 Sciencg> (Mon1, Robinsof

We join each atom slot to each atom that may satisfy it. For example, we cannot join (1 Times
1 Sciencgto (Monl, Robinsoi because athough Monl is a suitable time, Robinsonis not a
Science teacher.

Now if the original TTL instance has a solution, then this graph must have a matding,
defined here as a subset of its edges such that every atom slot node is incident to exactly one
edge, and every atom node is incident to at most one edge. An algorithm which requires this
graph to haveamatching at all timesis said to obey theatomicinvariant The bipartite matching
problemiswell known, and efficient algorithmsexist for determining whether or not amatching
exists, so thisinvariant can be checked quickly.

Initially, before any assignments except preassignments have been made, this invariant is
ableto detect some quite subtleinconsi stencies, such asinsufficient M athemati csand Computing
teachersto cover the Mathematics and Computing meetings, taking teachers’ freetimes, faculty
meetings, etc. into account. In other respects it seems quite weak; for example, it is unaware
that the times assigned to a meeting must be distinct.

Asthefirst stage of the algorithm progresses, times are assigned to meetings and the atom
sots change, for example from (1 Times 1 Sciencgto (Mon3, 1 Sciencg Thisgreatly reduces
the number of suitable atoms, to those containing time Mon3 and a Science teacher in our
example, so many edges are del eted, matchings become harder to find, and the atomic invariant
becomes much stronger.

By the end of the time assignment stage, the only unassigned slots are resource slots in
ordinary meetings, and time slots in single-resource meetings. In both cases at least one of
the two components of each associated atomic slot isfix ed. The atomic invariant subsumes the
resource sufficienc yinvariant (but not meta-matching), since the atom slots containing a fix ed
timet test for resource sufficiencyat t. At present TT2 does not check the invariant until the
time assignment stage ends, but it is checked constantly thereafter.

3.3. Resourceflow

TT2 contains a network flav model of resource assignment to subgroups, which we call
theresouceflowgraph Hereisthe graph for the instance from Section 3.2:
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For each resource subgroup there is one |eft-hand node, and it has one incoming edge from the
source labelled by the total number of times that the subgroup has to be taught; in the above
example, there are 2 times of English to be taught, for example. For each resource thereis one
right-hand node with one outgoing edge to the sink labelled with the total number of times that
the resourceis available. (Thiswill in general be less than the total number of times, owing to
meetings such as single-resource meetingsto which thisresourceispreassigned.) Edgeslabelled
oo connect each subgroup node to every resource in that subgroup.

If the TTL instance has a solution, then this graph must have aresouceflow, defined here
asanetwork flav from sourceto sink of size equal to the sum of the labels of the edges |eaving
the source. Consequently the existence of aresource flav could be used as an invariant.

However, we do not use resource flav as an invariant, for the following reason. Take
an atomic graph (Section 3.2), replace al particular times by the generic ‘1 Times, coalesce
identical nodes, add a source and sink, and use the node multiplicitiesas edge labels. Theresult
isaresourceflav graph. Thustheresourceflav graph isjust the atomic graph with information
about specific times omitted, and it can never signal an inconsistent state unless the atomic
invariant does so as well.

TT2 contains adaptations of standard network flav algorithms which find the maximum
and minimum possible flav down each edge consistent with a resource flav. For example, in
the graph given above, at most 2 units of flav can pass down the edge from Computingo Jones
We use this information when generating assignments of resourcesto meetings. It may happen,
for example, that a Mathematics teacher is qualified for other subjects, but resource flav shows
that almost all of the slots assigned to that teacher must neverthel ess be Mathematics slots, and
thus we would avoid generating assignments involving other slots.

When aresource is assigned to a slot, the edge weights adjacent to the two affected nodes
must be reduced by the number of timesinvolved. This necessitates arecalculation of the flav
maxima and minima. Since we assign a resource to its complete set of meetings in a single
operation (Section 3.5), thisrecalculation is done only once per resource.

3.4. Theclash cliqueinvariant

Our resource assignment algorithm is based on a graph that we call the clashgraph In
this section we describe the clash graph and an invariant arising from it called the clashclique
invariant. These will be put to work in the next section.

Supposethat times have been assigned to meetings. Take any set of resource slotsrequiring
assignment, and build a graph which has one node for each resource slot, and an edge joining
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two nodes whenever the two meetings from which the two slots come have at least onetimein
common. Thisisthe clash graph for those resource slots. For example, here is the clash graph
for the resource dlots of the essentially unique solution to the instance of Section 3.2:

_Science (3) O
_Science (3)

Within the node we write the resource subgroup of the slot and, in parentheses, the number of
timesin the slot’'s meeting. The numberswill not be used in this section. An edge between two
nodes means that the two slots clash, so no resource may be assigned to both dots.

Now take any clique in the clash graph. (A clique is a set of nodes such that every two
nodes in the set are connected by an edge.) No two sotsin the clique may be assigned the one
resource. Construct a bipartite graph with one left-hand node for each node in the clique, and
one right-hand node for each resource in the instance. Join each slot node to the resources that
may beassignedtothedot. For example, for the clique consisting of the English and Computing
dotsin the graph above, the bipartite graph is

Cormpuing 3> Robinson >

Now if the TTL instance has a solution, this includes an assignment of resources to the slots
of thisgraph. Because the slots clash and no resource may be assigned to any two of them, this
assignment must be a matching. Thus we may use the existence of a matching in any bipartite
graph derived from a clash clique as an invariant, which we call the clash clique invariant.

Ideally, we would maintain one bipartite graph for each maximal clique in the clash graph.
Unfortunately, there may be exponentially many maximal cliques, in practiceaswell asintheory,
so we use a heuristic method which looksfor large cliquesin likely places. For example, the set
of all resource slotsfrom meetingswhich contain aparticular timetformaclique. Itiseasytosee
that the bipartite graph for this clique is exactly what is required to test for resource sufficiency
at timet. However, it isfrequently possibleto find other meetings which clash with all of these
ones despite not themselves containing timet. For example, consider these three meetings:

meeting M1 is
Monl; Mon2;
1 Science;
end M1;



meeting M2 is
Mon2; Mon3;
1 Science;
end M2;

meeting M3 is
Mon3; Monl;
1 Science;
end M3;

Two Science teachers are enough to satisfy resource sufficiencyat all times. The clique built
from the meetings containing time Mon1 contains the Science slots from meetings M1 and M3,
but since M2 clashes with both of these meetings its Science slot may be added to the clique.
Consequently the bipartite graph for this clique has three slot nodes, and no matching with only
two teachers exists. If the clique from each particular timet, possibly extended in thisway, is
monitored by its own bipartite graph, then the clash clique invariant will always be at least as
strong as the resource sufficienc yinvariant, and often stronger.

It is possibleto detect aforced assignment by deleting one edge of any bipartite graph and
seeing whether a matching is then impossible. Similarly, one can make an assignment and see
whether a matching for the remainder is then impossible, in which case we have what may be
called aforced non-assignment. Thisinformation can be propagated to other invariants; we have
found a surprisingly large number of forced movesin thisway.

Incidentally, the clash graph explains very clearly the importance of maximizing
time-coherence during thetime assignment stage (Section 3.1). Better time-coherencetranslates
into fewer edgesin the clash graph and a less constrained resource assignment problem.

3.5. Assigning resources

The second major stage of the TT2 program assigns all the slotsleft unassigned by the first
stage: all resource dots, and al time slots in single-resource meetings.

We enter this stage with the atomic invariant holding (Section 3.2), which by this point has
become very strong. The matching in the atomic graph guaranteed by thisinvariant providesan
assignment to all remaining slots. We could make this assignment and quit immediately, except
for one problem.

The sole problem is that this assignment does not guarantee that the same resource will be
assigned to adlot for al thetimes of ameeting. For example, we might find that a Sciencedlot is
assigned Smith at one time and Jones at another, adefect known asasplit assignment. The need
to avoid or at least minimize split assignments we call the resource constancy requirement.

We measure resource constancy by the percentage of resource dlots that are not split. In
practice, 100% resource constancy (no split assignments) seemsimpossibleto achieve. Asarule
of thumb, we aim for 95% resource constancy with each split assignment shared between two
resources, never three or more. Resource assignment thus has the character of a search through
aspace of feasible solutionsdelimited by the atomicinvariant, looking for onewith high resource
constancy. Total failureis not possible here, asit wasin the time assignment stage.

Each resource group may be assigned independently of the others. Although all resource
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groupsareformally equivalent,in practicethey differ in their constang requirements Student
resourcesreall preassignedsothereareno assignmentto make. Roomconstanyg, although
formally requiredby the TTL languagejs requiredby schoolsonly during doubleandtriple
times. In practice then,resourceconstang meandeacheiconstany.

TT2 containsa simpleresourceassignmenalgorithmusedfor rooms. It assigngoomsto
roomslotsoneby one,checkinghattheatomicinvariantis notviolated. Any unassignablslots
receve split assignmentsMaintenanceof the atomicinvariantguaranteeghatthis algorithm
will never getstuck.

The remainderof this sectionexplains the much more elaborateresourceassignment
algorithmthatwe usewhenconstang is important— in practice for teachemassignment.This
hasbeenthe mostdifficult problemthatwe have encountereth our work ontimetabling.

Ouroverall structureis abeamsearchasin thetime assignmenstage. In our instancest
is vital thateachteachebe utilized completelyor almostcompletelysoour basicstepis notthe
assignmenof oneresourceo oneslot, but rathertheassignmentf oneresourcedo awholeset
of non-clashingslotswhich utilize theresourceascompletelyaspossible.

Thegeneratiorf suitablesetsof slotsfor oneresourcgproceedssfollows. Wearelooking
for asetof nodesn theclashgraphsuchthatno two nodesin the setareconnectedy anedge
(anindependent set of nodes). Thetotal sizemustequalor almostequalthe numberof times
thatthe resourcan questionis available. Finally, it mustbe possibleto assignall of the slots
to the resourcewithout violating the atomicinvariant(which implies thatary single-resource
meetingscontainingthe resourcecan be assignedimesfrom thoseleft over) and preferably
withoutviolating the clash-cliquanvarianteithet

We find not just oneindependensetfor eachresourceput up to 50. Finding maximal
independensetsis NP-hard,and so our methodis basicallyexhaustve searchbut we have
severalwaysof reducingthe cost. We try to partitionthe probleminto faculties sothatwe do
notwastetime examiningEnglishslotswhenassigninglathematicéeachers Slotswhosesets
of timesareidentical(or sufficiently similar thatthey clashwith the sameslots,andwith each
other)areallowedto shareonenode sothatwe donotwasteime examiningessentiallydentical
slots. Resourcélov (Section3.3) is usedto tell usthatatleastsomary Mathematicgimes(or
whatever) mustbe includedin ary independenset;andby tentatvely deletingthe resourcen
guestionfrom a clashclique, we canoften prove thatevery independensetmustincludeone
slotfrom thatclique.

If a particularnodeappearsn every independensetthatwe find for someresourcewe
take the assignmenbf that resourceto someslot in that nodeto be forced. Otherforced
assignmentsan be detectedby the clashclique invariant. We checkcarefully for and make
forcedassignmentat every step,sincein our experienceherearemary of them.

At eachstepwe choosdor assignmentheresourcewith thefewestindependensets. We
try severalindependensets producingmultiple partialsolutionswhichfill our beam.

Becausewe only permitassignmentsf independensetsthat do not violate the atomic
invariant, total failure cannotoccur However, occasionallywe may be unableto find arny
independenset of sufficientsize for someresourcewhoseassignmentill not violate the
invariants. This meanghatfurther progressrom the currentstaterequiresa split assignment
involving that resource.We preferto abandorthis whole line of assignment# this occurs,
relying on the othermembersf our beamto carry on. But if the beamthreatendo become
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empty we mustdo a splitassignment.

At presentywhenasplit assignmenbecomesiecessartheprogramprintsouttherelevant
informationandrequiresthe userto decidewhich slot to split andhow. We planto automate
this decisionvery soon. Provided our overall algorithmleadsto few split assignmentst will
not matterif the precisechoicesmadearesomevhatsimple-minded.

4. Results

Our programis still beingdeveloped sowe have not attemptedo solve alarge numberof
instanceget. However, we have solved two instancegaken without simplificationfrom high
schooldgn the Sydney area. We call theseinstance8GHS94andJAM94.

BGHS94has40times,26 studentesourcegeachtypically representing groupof thirty
to forty students)50 teachers48 rooms,and 199 meetings,mary of which are aggreate
meetingdike 10-Sciencein Section2. Ourbestsolutionsolvestheinstancetheonly significant
compromisedeingthat10 of the 114 doubletimesrequested8%) aresuppliedby two singles
instead,16teacherslo notreceve afreetime on someday, and28 of the 326teacheslots(8%)
aresplit betweentwo teachers.No slotsaresplit amongthreeor moreteachers. The CPUtime
for thetime assignmenstagewas91 minutes with a beamwidth of 100;thetime for resource
assignmentvasdominatedy thetime takenby the userto decidewhich slotsto split.

JAM94 has40 times, 45 studentresources97 teachers,79 rooms,and 252 meetings.
Despitethelargersizeit seemdo beeasiethanBGHS94. Ourbestsolutionsolvestheinstance.
The only significantcompromisesare that 15 of the 125 doubletimesrequested12%) are
suppliedby two singlesinsteadand17 of the580teacheslotsrequeste2%) aresplit between
two teachers.Onceagain, no slotsaresplitamongthreeor moreteachers.

5. Conclusions and futurework

TheTT2 programhassucceedeuh constructingimetablegor realhighschoolinstance
areasonablamounbftime. Itsresultsaresomavhatdeficientin theareaof timeconditionsand
its handlingof split assignmentsustbe automatedbut thesearerelatvely minor problems.

We planto reoiganizethe programsothatits componentganbe usedin a moreflible,
integratedwvay. Thiswill allow usto detectandperformforcedassignmentduringthefirst stage
thatarecurrentlydiscoreredonly duringthe second. After this hasbeendone,we expectthat
minor incrementaimprovementswill be sufficientto reachour goal of producingtimetables
reliably. Wehave notyetseerourtimetablesadoptedbut we areconfidenthatthatdayis close,
andwe arein contactwith a numberof high schoolsthat have expressednterestin working
with usto solve theirtimetablingproblems.
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