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Abstract

In this paper, we present a method for efficient se-
lection of heterogeneous majority voting ensem-
bles. Given a set A of algorithms, the set of possi-
ble voters V over A is exponential in the size of A.
Thus, it is not computationally feasible to select the
best ensemble by evaluating each possibility. In-
stead, we compute the classification accuracies of a
small subset of A U V, and use these values to pre-
dict the accuracy of all the remaining elements in
the union. We demonstrate that this procedure,
called landmarking, estimates performance well,
allowing for the selection of good voting ensem-
bles at significantly reduced computational cost.
We also conduct statistical tests to show a link be-
tween the correlation of performance patterns and
diversity of a pair of algorithms.

1 Introduction

Given a new dataset requiring classification, it is hard to
know which set of learning algorithms form the voting en-
semble with the greatest generalisation ability (Wolpert,
1996a, 1996b; Michie et al., 1994). If unlimited time was
available to make the decision, hold-out testing — e.g. cross-
validation, could be used to evaluate the performance of a
large set of voting ensembles (e.g. see (Schaffer, 1997)).
However, the number of dataset representations and the
number of voters to consider makes this option unviable,
particularly for real-world applications.

There are many real-world learning problems where effi-
cient methods for selecting voting ensembles are needed.
Consider for instance the problem of deploying email classi-
fication agents in an organisation. It has been demonstrated
(Crawford et al., 2002), that due to the different ways in
which people classify their email, different algorithms work
better for different users. As such, when setting up an email
classifier for a user, we would like to be able to evaluate the
performance of many different algorithms and ensembles so
we can choose the best one for that individual.

Recently, a means of efficiently estimating the perform-
ance of a set of algorithms on a dataset, without having to
evaluate all of the algorithms was proposed (Ler et al.,
2004a, 2004b, 2005). Based on meta-learning (Giraud-

Carrier et al., 2004; Vilalta and Drissi, 2002) and landmark-
ing (Ler et al., 2004a; Pfahringer et al., 2000), the method
uses the performance values of a subset of the available al-
gorithms to estimate the performance of the entire set. More
specifically, given a set of k algorithms A, and a corpus of n
datasets .S, the method calculates the performance of each
algorithm in 4 on each dataset in §. Given a new dataset,
Suews the performances of @; € L’ < A on s, are calculated
and used to estimate the performances of @; € A\L’ . The
estimates are based on the performance pattern of the algo-
rithms in 4 observed over the datasets in S. Experiments in
(Ler et al., 2004a) demonstrate empirically that the perform-
ance of all the algorithms in 4 can be estimated with moder-
ate success, even when |L’| is small. Returning to our email
example, we can evaluate the performance of all applicable
classification algorithms on the datasets for a subset of the
users in an organisation. We can then use a method such as
the one described in (Ler et al., 2004a) to efficiently esti-
mate the best algorithm to use for each of the other users’
email.

Previous work has show that ensembles can be more ac-
curate than their component algorithms if these components
disagree with each other — or rather, are diverse (Hanson
and Salamon, 1990; Krogh and Vedelsby, 1995). As such,
we would like to be able to efficiently estimate the perform-
ance of ensembles, something that is not looked at in (Ler et
al., 2004a). More formally, we want to consider voting
committees V' comprised of subsets of 4 so that we can se-
lect the best performing learner from 4 U V. In this paper
we extend the functionality of the landmarking method in
(Ler et al., 2004a) to consider majority voting committees
(Dietterich, 1997) over a set of algorithms 4. Some prelimi-
nary discussion of this extension appears in (Authors, 2005).

2 Landmarking

Meta-learning, where a set of easily computable dataset
characteristics (meta-features) are mapped to performance
predictions for algorithms, has been used as a method for
algorithm selection — see (Vilalta and Drissi, 2002) for a
survey. More recently, landmarkers were proposed as meta-
features (Fiirnkranz and Petrak, 2001; Pfahringer et al.,
2000). Let a landmarker element be an algorithm whose
performance is utilised as a dataset characteristic; and a



landmarker be a function over the performance of a set of
landmarker elements, whose output resembles the perform-
ance (e.g. accuracy) of one specific learning algorithm.
Then the process of landmarking is simply the process of
generating a set of algorithm estimators (landmarkers) for
some given set of candidate algorithms (Ler et al., 2004a).
In this paper we select landmarkers according to the follow-
ing criteria proposed in (Ler et al., 2004a):

o Correlativity: Each landmarker should resemble the
algorithm being landmarked. Changes in the perform-
ance of the candidate algorithm should be highly cor-
related with changes in the landmarker.

o Efficiency: Given a set of algorithms running the se-
lected landmarker elements should take significantly
less time than running the full set of algorithms.

The correlativity of two learning algorithms can be

measure by the correlation coefficient » (Wickens, 1995),
where:

r = cosAa,]) al  covial)

lall-l2ll o.0

Intuitively, two algorithms whose performance patterns
are similar over multiple datasets will be closer to each
other in a performance space. In the context of landmarking,
a is interpreted as a dependant algorithm and / as a set of
independents (the landmarker elements). This is depicted in
Figure 1.
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[Note that » = Pearson’s correlation coefficient]

Figure 1. Operationalising a./ — an example

When interpreting @ as a dependent and / as a set of inde-
pendents, we observe that selecting / is essentially the subset
selection problem. Many heuristics for subset selection have
been proposed (e.g. 1, adjusted , Mallow's C,, AIC, BIC -
see (Miller, 2002)). Any of these heuristics can be used to
select correlated landmarkers. However, the efficiency crite-
rion also needs to be satisfied. Similarly to (Ler et al,
2004a) we use a utility measurement for efficiency that cal-
culates the reduction in computational cost afforded by run-
ning only a subset of the algorithms as compared to running
the entire set.

3 Landmarking Majority Voting Ensembles

An ensemble can be more accurate than its component algo-
rithms only if those component algorithms are diverse — i.e.
they do not make the same mistakes (Hanson and Salamon,
1990). More precisely, if the error rates of the component
algorithms are each less than 0.5, and if the errors are inde-
pendent, then the probability that the majority vote is wrong
is the area under the binomial distribution where more than
half algorithms are wrong. This is further emphasised in
(Krogh and Vedelsby, 1995), where it is shown that the
generalisation error of an ensemble is equal to the average
error of ensemble members, minus the average variance (or
ambiguity) among them. A survey of ensemble techniques
can be found in (Dietterich, 1997).

Given a set of heterogeneous algorithms A, instead of
simply returning the @; € A with the best estimated per-
formance, we want to select the best voting ensemble. For-
mally we want to consider all possible majority voting en-
sembles over A, namely V' = {v,, ..., v,,} (where V is simply
the powerset of A with the singletons and empty set re-
moved). We denote by v;.components the subset of A that
comprises v;. Our aim is to use landmarking to allow us to
return the best algorithm/voter from A U V for a new data-
set.

Intuitively, we assume that if two algorithms have uncor-
related or inversely correlated performance (i.e. their pat-
terns of performance are dissimilar), the probability that
they are diverse is higher (since there is more evidence that
they work differently); and hence, would form a better en-
semble. On the other hand, if two algorithms have correlated
accuracies, then the likelihood is that they will not be di-
verse, and consequently, would form a poor ensemble.
When performing landmarking, we assume that there exist
clusters of algorithms that each correspond to a particular
(similar) pattern of performance. Thus, by evaluating repre-
sentatives from these clusters, we are able to estimate the
performance of the remaining algorithms in those clusters.
Analogously, when forming voters comprised of algorithm
components from different clusters, the possibility for good
ensembles is greater.

By considering the all the voters, one would typically ex-
pect to incur additional computational cost in the landmark-
ing process, since given |4|, we now want to consider 2 -
|4] - 1 more possible options. However, by exploiting the
relationship between 4 and V, we are able to revise the
landmarking method described in (Ler et al., 2004a) to esti-
mate the performance of each algorithm and voter with little
or no additional computational cost.

The most straightforward method of extending the land-
marker generation algorithm to encompass majority voting
ensembles is to simply add each possible voter to the list of
algorithms to be estimated. Thus, given a new dataset s,,,,
we would evaluate L’ < 4 and use those performance val-
ues to evaluate 4 U V. One potential problem with this ap-
proach is that the ratio of independents (i.e. |L’|) to depend-
ents (i.e. |[4 U V] - |[L’]) may be too small. For example,
given 4] = 10, |4 U V] = 2'"° — 1 = 1023; thus, no matter
what subset of 4 we run, the ratio will be no better than



e Let the powerset of 4 (excluding @gand A itself) be L= {L, ...
e V;is the subset of ¥ such that for each v; € Vi, vi.components c L;.

Majority Voting all subsets landmarker generation algorithm:
[1] Foreach L; € IL:

[2] Foreachxje AU V:

[3] Ifx; ¢ L; U Vy,; then:

[8a] Find mean_HeuristicL)=1[ Y (., LioVy)]/|AUV.

Vxge AoV

[8b] Find mean_Heuristic(L;) = ((eff{4) — efflL:)) / effiA)) + [

VxgeAu

Vel

Input: & algorithms 4 = {ay, ..., a;}, the voters over A, namely V= {v,, ..., v} (where t=2"1-|4|- 1) and P= {P;, ..., P} U {Ppus, ..., Pis}, where
each P; is the vector of performance values of @; on a corpus of datasets .S = {sy, ..
Output: the chosen landmarking elements L’ U V- (where L’ c A, and V- is the subset of ¥ with each v; € V>, vi.components  L’), and C = {C; |

each C; holds the coefficients for the linear regression function whose dependent is the i-th algorithm/voter in 4 U V, and independent(s) are L’ U V7 -}.

, Ly}, where m = 2%2, and
. /(a,-, L;) and coefficients(a;, L;) be the 7 value and coefficients for the least squares linear regression function with dependent a; and independent(s)

{a. | a. € L;} respectively (note that each regression function is calculated using the relevant P — i.e. corresponding to a; and L;), and
o efficiency gained is ((eff{A) — eff(L:)) / eff(A)), where eff(L;) is the computational cost of each L;, and eff(4) is the computational cost of 4.

[4] Find coefficients(x;, L;  Vi;) and /(xj, L; U V) using {Py | for each x; € x; U L; U V,;}.
[5] Else //x;is an independent, and its performance need not be estimated

[6] coefficients(x;, L; U V1;) is a vector of Os except for the coefficient for x;, which is 1.

[7] g, Lo Vi) = 1.

// Heuristic 1: 7 only criterion
> P, Liu Vi)l /|AU V. /] Heuristic 2: efficiency gained + 1” criterion
vV

[9] C={C;|Vx; € AUV, C;= coefficients(xj, L’ U V;+), L’ = argmax mean_Heuristic(L;)}.

., Su} 1f i < k, and the vector of performance values of v; , on S'if i > k.

Figure 3. The majority voting all subsets landmarker generation algorithm

1:100! This may or may not be a problem depending on the
number of distinctive clusters of performance patterns that
arise from the algorithms/voters in A U V. If the number of
clusters is small (i.e. < |A]), then it is likely that the gener-
ated landmarkers will work. However it would be better to
evaluate some subset of V as well as 4.

Assuming the additional computational cost required to
generate majority voting classifications — exclusive of the
computational cost of all the component algorithms for that
voter — is negligible, then if L’ is evaluated, the performance
of 21~ |L’ - 1 of the voters from ¥ can correspondingly be
computed at negligible cost. Thus, for each potential subset
of A we consider (that is consider as independents to be
evaluated), we may compute the additional independents
that correspond to the voting ensembles over that subset of
A. Going back to our example with |4] = 10; suppose we
choose to evaluate L’, where |L’| = |4]/2 = 5, then the ratio
of dependents is 2° - 1:(2'° - 1) - (2° - 1), or 1:32; without
the additional voter independents, this ratio is 5: (2'°- 1) - 5,
or 1:203.6.

For any given subset L’ of A, the set of possible voters
over L’ is denoted by V- = {v; | v; € V and v;.components
L’}. Having selected L’, we might consider if all or only a
subset of V. should be used as independents. Essentially,
this choice ends up being a trade-off between the computa-
tional complexity of the landmarker generation algorithm,
and its expressiveness (or rather, the size of the search space
it can cover when searching for landmarkers — i.e. searching
for linear regression functions). However, we postpone an-
swering this particular question within this paper and in-
stead utilise the entire subset ¥, when considering the in-
dependents L’.

The majority voting landmarker generator algorithm is
described in Figure 3.

4 Experimental Setup

For our experiments we use 80 classification datasets (i.c. S)
randomly chosen from the UCI repository (Blake and Merz,
1998) and the following 8 classification learning algorithms
(i.e. 4% from WEKA (Witten and Frank, 2000): naive
Bayes, k-nearest neighbour (with k = 5), polynomial and
RBF support vector machines, the decision tree J4.8 (a
WEKA implementation of C4.5), decision forest, decision
stump and Ripper). In each trial, the majority voting land-
marker generation algorithm is evaluated on a subset of 5
(of the 8) algorithms (i.e. 4) and the corresponding set of 2°
-5 -1 =26 voters over 4 (i.e. V) using the leave-one-out
cross-validation approach; thus, there are a total of *Cs tri-
als.

In each fold (k) within a trial, 79 datasets (.Sy) are used to
generate two sets of landmarkers — the first on heuristic 1: 7
and the second on heuristic 2: /* + efficiency gained. Each
set of generated landmarkers indicates two subsets of 4 U
V: (1) the algorithms that must be evaluated (independents:
L’ U V), and (2) those which will be estimated (depend-
ents: {4 U V} \ {L’ U Vp:}). On the dataset left out (Spep),
the accuracies of the independents (L’ U V} ) are evaluated
via the landmarkers (i.e. regression functions) generated and
used to estimate the independents ({4 U V} \ {L’ U Vp.}).
To evaluate the accuracy of each component algorithm (a; €
A) and voter (v; € V) on each dataset, ten-fold cross-
validation was employed.

Either variant of the algorithm described in Section 3 (i.e.
the variant using line 8a or 8b) will return one set of land-
markers based all possible L’ < A. We have modified the



algorithm so that only landmarker element subsets (i.e. |L’|)
of the same size will be considered. Accordingly, in each
trial the results for each of the 4 set sizes of L’ (1 < |L’| <4,
since |A| = 5) are reported. Thus, on each fold of each trial,
for each of the two heuristics, we generate 4 sets of land-
markers (one for each |L’|) and estimate 4 sets of accuracies
(for each a; € A and v; € V) over the UCI datasets left-out.
The following three measurements are then taken:
Efficiency gained (EG): The percentage of computation
saved by employing a landmarker. This is the portion of the
computational time saved by running only the landmarker
elements (L’) of the landmarker in question as opposed to
all algorithms (4) —i.e. (eff(4) - eff(L")) / eff(A).

Rank order correlation (r,): Spearman’s rank order corre-
lation coefficient 7,. This determines the correlation be-
tween: (1) the rank order of the accuracies estimated via the
landmarkers, and (2) the rank order of the accuracies evalu-
ated via ten-fold cross-validation.

Algorithm-pair ordering (40): The percentage of algo-
rithm/voter pairs from A U V whose orderings are correct.
An algorithm-pair has a correct ordering if their estimated
(via the landmarkers) and evaluated (via ten-fold cross-
validation) accuracies sit in the same order. Note that there
are *'C, = 465 algorithms/voter pairings over a basis of 5
algorithms. However, when all 5 algorithms and the conse-
quent 26 voters are evaluated (i.e. used as independents), no
estimation is required, and we are simply performing ten-
fold cross-validation. Accordingly, for some chosen L’, h =
211 _ 1 algorithms/voters are evaluated, not estimated; thus
(for |L’| > 1) "C, algorithm pairs will mimic the ten-fold
cross-validation orderings. The Assured AO is the percent-
age of AO associated with pairings that are guaranteed to be
correct — see Table 1.

maining 61% of the time, the winner is a voter (e.g. 2% of
the winners are voters over 5 component algorithms).

Tables 3 and 4 present the results from our experiments
for the variants based on the #* and r, + efficiency gained
heuristics respectively. These tables each report the mean
AO (algorithm-pair orderings) and r; (rank correlation)
achieved over: (i) the individual algorithms (A4) only, (ii) the
voters (V) only and (iii) combinations of both (4 U V).
Also, as the computational overhead of computing the accu-
racy on a voter is considered to be negligible (after having
already accounted for the cost of its components), the EG
(efficiency gained) reported is thus only over individual
algorithms.

Note that these mean values are themselves computed
over the mean (per fold) values attained over each of the 56
permutations of 4. Accordingly, the companion standard
deviations for the results given in Tables 3 and 4 are re-
ported in Tables 5 and 6.

L (Vi) 10) 2 34 40D 506)
E[40] (A) 0.657 0.707 0.801 0.902 1.000
E[40](V) 0.714 0.727 0.764 0.831 1.000
E[40](A4u V) | 0.707 0.726 0.771 0.844 1.000
E[r,](4) 0.418 0.517 0.691 0.849 1.000
E[r](V) 0.558 0.593 0.678 0.792 1.000
E[r (4 U V) 0.539 0.589 0.687 0.807 1.000
E[EG] 0.794 0.497 0.337 0.182 0.000
" Corresponds to 10-fold cross-validation.

Table 3. The mean 4O, r, and EG results from the landmarkers
generated using the / only variant

L1 (Vi) 1O 12 3 41D | 5(26)

Assured AO (%) | 0.0 0.7 4.5 22.6 | 100.0

Table 1. The 4O percentage assured to be correct for each |L’|

5 Results

The expected distribution of winning algorithms/voters
based on each A — A* is given in Table 2.

No. of components 1 2 3 4 5
E[Freq. of wins] | 0.39 | 0.11 | 0.38 | 0.10 | 0.02
Dev[Freq. of wins] | 0.07 | 0.02 | 0.05 | 0.03 | 0.01

Table 2. The frequency of winners in terms of learner components

Based on the ten-fold cross-validation accuracy of each
algorithm in A* on each dataset in S, Table 2 reports the
average frequency and standard deviation of winners (for
each component size) over the various permutations of A.
This table essentially tells us that roughly 39% of the time,
the actual winner is an individual algorithm and for the re-

L (Vi) 100 2() 34 441 5026)
E[40] (A4) 0.658 0.720 0.803 0.894 1.000
E[40](V) 0.715 0.727 0.760 0.824 1.000
E[40](4vw V) | 0.707 0.727 0.768 0.837 1.000
E[7](4) 0.419 0.532 0.686 0.831 1.000
E[7](V) 0.558 0.594 0.670 0.777 1.000
E[7](4 v V) 0.540 0.591 0.682 0.793 1.000
E[EG] 0.800 0.672 0.522 0.243  0.000
" Corresponds to 10-fold cross-validation.

Table 4. The mean A0, r, and EG results from the landmarkers
generated using the #* + efficiency gained variant

The results from our experiments show that even when
only utilising a single landmarker element, the chosen set of
landmarkers (i.e. column with |L’| = 1) is still able to pro-
duce a reasonable result, and achieves significant improve-
ment in terms of efficiency gained. As expected, when |L’|
increases, so too do A0 and r,, while EG decreases (i.e. as
IL’| > |A|, the results approach those of ten-fold cross-
validation). Correspondingly, the accuracy results (i.e. AO
and r;) on both heuristics are very similar; and not surpris-
ingly, the EG results are better on the * + efficiency gained



variant, as it tries harder to find more efficient landmarker
elements.

Furthermore, the deviation of the accuracy results (for 4O
and r,) across the various permutations is not very high,
showing that the landmarking method can work across dif-
ferent permutations of candidate algorithms. However, the
efficiency gained result (EG) does have a fairly high devia-
tion; this is because the variability of efficiency across algo-
rithms tends to be much more predominant than the variabil-
ity across the correlation of accuracy patterns. Thus, when
certain subsets of the more efficient algorithms are left out
in some of the trials (i.e. permutations of 4*) their absence
in terms of efficiency gained (i.e. EG) is more noticeable.
Accordingly, the expected variance of the (normalised)
computational cost of each algorithm in 4* (across §), is
0.1164, whereas, the variance across the correlation of each
pair of accuracy patterns is 0.0148.

L (V) 100 21 34 401
Dev[40] (4) 0.033  0.028 0.020 0.015
Dev[40](V) 0.016 0.014 0.013 0.015
Dev[40](4u V) | 0.016 0.016 0.014 0.014
Dev]r,|(4) 0.087 0.066 0.041 0.032
Dev[r,](V) 0.036  0.030 0.028 0.029
Dev[rJ(Au ) | 0.037 0.035 0.030 0.028
Dev|[EG] 0.069 0.153 0.115 0.020

Table 5. The standard deviation for the 40, r, and EG results from
the landmarkers generated using the 7 only variant

WL Ve 10 2 34 4dD
Dev[40] (4) 0.032 0.025 0.021 0.020
Dev[40](V) 0.016 0.012 0.015 0.018
Dev[40l(AU V) | 0.016 0.013 0.016 0.017
Devlr,]|(4) 0.086 0.057 0.042 0.042
Devl[r,](V) 0.036 0.026 0.032 0.034
Dev[rl(4u¥) ] 0.037 0.027 0.033 0.033
Dev|EG] 0.069 0.107 _0.129 0.100

Table 6. The standard deviation for the AO, r,; and EG results from
the landmarkers generated using the /7 + efficiency gained variant

An interesting observation is that when only one algo-
rithm is evaluated, voters are estimated more accurately (5-
6% better) than individual algorithms (with either variant).
This may be because a single pattern of performance is in-
sufficient to represent the number of variant clusters of per-
formance patterns among the algorithms/voters. However,
the rate of improvement on AO and ry is less for ¥ and 4 U
V as compared to A4; and consequently, for |[L’| > 1, the AO
values for 4 tend to be higher.

Finally, a test was also conducted to validate the claim
made in Section 3, that the pattern of performance of a pair
of algorithms is inversely correlated to the diversity of the
same pair of algorithms. For each pair from algorithms from
A*, the following were computed:

e Expected diversity: This is the average disagree-
ment measure (Skalak, 1996; Ho, 1998) over each
dataset in S, for the pair of algorithms in question.

e Accuracy correlation: This is the correlation (i.e.
Pearson’s r) between the accuracies observed over
the datasets in S, for the pair of algorithms in ques-
tion.

With |4* = 8, the above were computed for *C, = 28
pairs of algorithms. The linear correlation (again Pearson’s
r) was then computed between the set of expected diversity
values and accuracy correlation values. The resultant corre-
lation coefficient, » = -0.9506 (with an F-value of 243.73,
and p-value of 0), strongly suggesting that the claim is true;
i.e. that the higher the positive correlation between the pat-
terns of accuracy of two algorithms, the lower the diversity
between those two algorithms.

6 Conclusion

In this paper we propose a new approach for estimating the
performance of voting ensembles using landmarking. It uses
the performance values of a subset of single algorithms and
ensembles of these algorithms (called landmarking ele-
ments) to estimate the performance of the remaining set of
single algorithms and ensembles. The experimental results
show that even when a single landmarking element is used
the percentage of correct algorithm-pair orderings is about
70%, a very promising result given a corresponding effi-
ciency gain of 80%. As the number of algorithms that are
evaluated increases, the accuracy of the landmarkers also
increases. We also conducted statistical tests to show a link
between the correlation of performance and diversity of a
pair of algorithms. The results show that the higher the posi-
tive correlation between the patterns of accuracy of two
algorithms, the lower the diversity between them.

As future work, we would like to study the link between
the correlation of algorithm/voter accuracies and their diver-
sity in greater detail, and use those results to form better
ensembles even more efficiently. A landmarking extension
that considers stacking systems over the given set of algo-
rithms is also underway.
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