
Topics for today

¥ Supervised learning for classification

¥ Logistic regression

¥ Support vector machines

¥ Kernel trick
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Logistic Regression
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Naïve Bayes ClassiÞer (1)

p(Ck |x) =
p(x|Ck )p(Ck )

!
Cj

p(x|Cj )p(Cj )

normalising constant

class priorclass conditional density
class posterior

Generative model:

p(x, Ck ) = p(Ck )p(xn |Ck ) = πN (xn |µ k , ! k )
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Naïve Bayes ClassiÞer (2)
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Logistic Regression 
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Logistic regression
¥ Model for binary classification

Sigmoid
or
Logistic
function
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Logistic Regression
¥ Assumes a parametric form for directly estimating P(Y | X). 

For binary concepts, this is:

¥

¥ Equivalent to a one-layer backpropagation neural net.
– Logistic regression is the source of the sigmoid function used 

in backpropagation.
– Objective function for training is somewhat different.
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Logistic Regression as a Log-Linear Model

¥ Logistic regression is basically a linear model, which is 
demonstrated by taking logs.

¥ Also called a maximum entropy model (MaxEnt) because 
it can be shown that standard training for logistic regression 
gives the distribution with maximum entropy that is 
consistent with the training data.
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Logistic Regression Training
¥ Weights are set during training to maximise the 

conditional data likelihood :

    where D is the set of training examples and Yd and Xd 
denote, respectively, the values of Y and X for 
example d.

¥ Equivalently viewed as maximising the conditional 
log likelihood (CLL)
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Logistic Regression Training

¥Like neural-nets, can use standard gradient 
descent to find the parameters (weights) that 
optimise the CLL objective function.

¥Many other more advanced training methods 
are possible to speed convergence.
ÐConjugate gradient
ÐGeneralised Iterative Scaling (GIS)
ÐImproved Iterative Scaling (IIS)
ÐLimited-memory quasi-Newton (L-BFGS)
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Preventing Overfitting in Logistic 
Regression

¥ To prevent overfitting, one can use regularisation 
(a.k.a. smoothing) by penalising large weights by 
changing the training objective:

¥ This can be shown to be equivalent to assuming a 
Gaussian prior for W with zero mean and a variance 
related to 1/!.

Where !  is a constant that determines the amount of smoothing
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Multinomial Logistic Regression

• Logistic regression can be generalised to multi-class 
problems (where Y has a multinomial distribution).

• Effectively constructs a linear classifier for each 
category.
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Relation Between
Na•ve Bayes and Logistic Regression

• Naïve Bayes with Gaussian distributions for features (GNB), 
can be shown to given the same functional form for the 
conditional distribution P(Y|X).
– But converse is not true, so Logistic Regression makes a weaker 

assumption.
• Logistic regression is a discriminative rather than generative 

model, since it models the conditional distribution P(Y|X) and 
directly attempts to fit the training data for predicting Y from 
X. Does not specify a full joint distribution.

• When conditional independence is violated, logistic regression 
gives better generalisation if it is given sufficient training data.

• GNB converges to accurate parameter estimates faster (O(log 
n) examples for n features) compared to Logistic Regression 
(O(n) examples).
– Experimentally, GNB is better when training data is scarce, logistic 

regression is better when it is plentiful.

Logistic Regression vs NB
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Discriminative Generative
Easy to �]t? No Yes

Can handlebasis function expansion? Yes No
Fit classesseparately? No Yes
Handlemissing data? No Yes

Best for Large sample size Small samplesize
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¥ Discriminative: p(y|x,theta)
¥ Generative: p(y,x|theta)

!"#$%"&"'()"*+,*# -+'+%()"*+
• Discriminative: p(y|x,theta)
• Generative: p(y,x|theta)

Support Vector 
Machines
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Linear classifiers

Which line is better?
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Maximum margin

!"#$
margin

Things to note
¥ The boundary is defined by only a few 
    points (support vectors)
¥  Difficult to define a probabilistic    
    explanation
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Maximum margin classifiers (1)

326 7. SPARSE KERNEL MACHINES

encouraged to review the key concepts covered in Appendix E. Additional infor-
mation on support vector machines can be found in Vapnik (1995), Burges (1998),
Cristianini and Shawe-Taylor (2000), M¬uller et al. (2001), Sch¬olkopf and Smola
(2002), and Herbrich (2002).

The SVM is a decision machine and so does not provide posterior probabilities.
We have already discussed some of the beneÞts of determining probabilities in Sec-
tion 1.5.4. An alternative sparse kernel technique, known as therelevance vector
machine(RVM), is based on a Bayesian formulation and provides posterior proba-Section 7.2
bilistic outputs, as well as having typically much sparser solutions than the SVM.

7.1. Maximum Margin ClassiÞers

We begin our discussion of support vector machines by returning to the two-class
classiÞcation problem using linear models of the form

y(x) = wTφ(x) + b (7.1)

whereφ(x) denotes a Þxed feature-space transformation, and we have made the
bias parameterb explicit. Note that we shall shortly introduce a dual representation
expressed in terms of kernel functions, which avoids having to work explicitly in
feature space. The training data set comprisesN input vectorsx1, . . . , xN , with
corresponding target valuest1, . . . , tN wheretn ! {" 1, 1}, and new data pointsx
are classiÞed according to the sign ofy(x).

We shall assume for the moment that the training data set is linearly separable in
feature space, so that by deÞnition there exists at least one choice of the parameters
w andb such that a function of the form (7.1) satisÞesy(xn) > 0 for points having
tn = +1 andy(xn) < 0 for points havingtn = " 1, so thattny(xn) > 0 for all
training data points.

There may of course exist many such solutions that separate the classes exactly.
In Section 4.1.7, we described the perceptron algorithm that is guaranteed to Þnd
a solution in a Þnite number of steps. The solution that it Þnds, however, will be
dependent on the (arbitrary) initial values chosen forw and b as well as on the
order in which the data points are presented. If there are multiple solutions all of
which classify the training data set exactly, then we should try to Þnd the one that
will give the smallest generalization error. The support vector machine approaches
this problem through the concept of themargin, which is deÞned to be the smallest
distance between the decision boundary and any of the samples, as illustrated in
Figure 7.1.

In support vector machines the decision boundary is chosen to be the one for
which the margin is maximized. The maximum margin solution can be motivated us-
ing computational learning theory, also known asstatistical learning theory. How-Section 7.1.5
ever, a simple insight into the origins of maximum margin has been given by Tong
and Koller (2000) who consider a framework for classiÞcation based on a hybrid of
generative and discriminative approaches. They Þrst model the distribution over in-
put vectorsx for each class using a Parzen density estimator with Gaussian kernels
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The SVM is a decision machine and so does not provide posterior probabilities.
We have already discussed some of the benefits of determining probabilities in Sec-
tion 1.5.4. An alternative sparse kernel technique, known as the relevance vector
machine(RVM), is based on a Bayesian formulation and provides posterior proba-Section 7.2
bilistic outputs, as well as having typically much sparser solutions than the SVM.

7.1. Maximum Margin ClassiÞers

We begin our discussion of support vector machines by returning to the two-class
classification problem using linear models of the form

y(x) = wT! (x) + b (7.1)

where ! (x) denotes a fixed feature-space transformation, and we have made the
bias parameter b explicit. Note that we shall shortly introduce a dual representation
expressed in terms of kernel functions, which avoids having to work explicitly in
feature space. The training data set comprises N input vectors x1, . . . ,xN , with
corresponding target values t1, . . . , tN where tn ! {" 1, 1}, and new data points x
are classified according to the sign of y(x).

We shall assume for the moment that the training data set is linearly separable in
feature space, so that by definition there exists at least one choice of the parameters
w and b such that a function of the form (7.1) satisfies y(xn) > 0 for points having
tn = +1 and y(xn) < 0 for points having tn = " 1, so that tny(xn) > 0 for all
training data points.

There may of course exist many such solutions that separate the classes exactly.
In Section 4.1.7, we described the perceptron algorithm that is guaranteed to find
a solution in a finite number of steps. The solution that it finds, however, will be
dependent on the (arbitrary) initial values chosen for w and b as well as on the
order in which the data points are presented. If there are multiple solutions all of
which classify the training data set exactly, then we should try to find the one that
will give the smallest generalization error. The support vector machine approaches
this problem through the concept of the margin, which is defined to be the smallest
distance between the decision boundary and any of the samples, as illustrated in
Figure 7.1.

In support vector machines the decision boundary is chosen to be the one for
which the margin is maximized. The maximum margin solution can be motivated us-
ing computational learning theory, also known as statistical learning theory. How-Section 7.1.5
ever, a simple insight into the origins of maximum margin has been given by Tong
and Koller (2000) who consider a framework for classification based on a hybrid of
generative and discriminative approaches. They first model the distribution over in-
put vectors x for each class using a Parzen density estimator with Gaussian kernels

Linear classifier

Output

for all points in the training set

18

Maximum margin classifiers(2)
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Figure 4.1 Illustration of the geometry of a
linear discriminant function in two dimensions.
The decision surface, shown in red, is perpen-
dicular to w , and its displacement from the
origin is controlled by the bias parameter w0.
Also, the signed orthogonal distance of a gen-
eral point x from the decision surface is given
by y(x )/ ‖w‖.
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an arbitrary point x and let x" be its orthogonal projection onto the decision surface,
so that

x = x" + r
w
‖w‖ . (4.6)

Multiplying both sides of this result by wT and adding w0, and making use of y(x) =
wT x + w0 and y(x" ) = wT x" + w0 = 0 , we have

r =
y(x)
‖w‖ . (4.7)

This result is illustrated in Figure 4.1.
As with the linear regression models in Chapter 3, it is sometimes convenient

to use a more compact notation in which we introduce an additional dummy ‘input’
value x0 = 1 and then define !w = ( w0,w) and !x = ( x0,x) so that

y(x) = !wT !x. (4.8)

In this case, the decision surfaces are D-dimensional hyperplanes passing through
the origin of the D + 1 -dimensional expanded input space.

4.1.2 Multiple classes

Now consider the extension of linear discriminants to K > 2 classes. We might
be tempted be to build a K-class discriminant by combining a number of two-class
discriminant functions. However, this leads to some serious difficulties (Duda and
Hart, 1973) as we now show.

Consider the use of K−1 classifiers each of which solves a two-class problem of
separating points in a particular class Ck from points not in that class. This is known
as a one-versus-the-restclassifier. The left-hand example in Figure 4.2 shows an

! (x) = xAssuming
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(McCullagh and Nelder, 1989). Note, however, that in contrast to the models used
for regression, they are no longer linear in the parameters due to the presence of the
nonlinear function f (·). This will lead to more complex analytical and computa-
tional properties than for linear regression models. Nevertheless, these models are
still relatively simple compared to the more general nonlinear models that will be
studied in subsequent chapters.

The algorithms discussed in this chapter will be equally applicable if we first
make a fixed nonlinear transformation of the input variables using a vector of basis
functions φ(x) as we did for regression models in Chapter 3. We begin by consider-
ing classification directly in the original input space x , while in Section 4.3 we shall
find it convenient to switch to a notation involving basis functions for consistency
with later chapters.

4.1. Discriminant Functions

A discriminant is a function that takes an input vector x and assigns it to one of K
classes, denoted Ck . In this chapter, we shall restrict attention to linear discriminants,
namely those for which the decision surfaces are hyperplanes. To simplify the dis-
cussion, we consider first the case of two classes and then investigate the extension
to K > 2 classes.

4.1.1 Two classes
The simplest representation of a linear discriminant function is obtained by tak-

ing a linear function of the input vector so that

y(x) = wTx + w0 (4.4)

where w is called a weight vector, and w0 is a bias (not to be confused with bias in
the statistical sense). The negative of the bias is sometimes called a threshold. An
input vector x is assigned to class C1 if y(x) ! 0 and to class C2 otherwise. The cor-
responding decision boundary is therefore defined by the relation y(x) = 0 , which
corresponds to a (D ! 1)-dimensional hyperplane within the D-dimensional input
space. Consider two points xA and xB both of which lie on the decision surface.
Because y(xA) = y(xB) = 0 , we have wT(xA ! xB) = 0 and hence the vector w is
orthogonal to every vector lying within the decision surface, and so w determines the
orientation of the decision surface. Similarly, if x is a point on the decision surface,
then y(x) = 0 , and so the normal distance from the origin to the decision surface is
given by

wTx
" w"

= !
w0

" w"
. (4.5)

We therefore see that the bias parameter w0 determines the location of the decision
surface. These properties are illustrated for the case of D = 2 in Figure 4.1.

Furthermore, we note that the value of y(x) gives a signed measure of the per-
pendicular distance r of the point x from the decision surface. To see this, consider
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Also, the signed orthogonal distance of a gen-
eral point x from the decision surface is given
by y(x )/ ! w ! .
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Multiplying both sides of this result bywT and addingw0, and making use ofy(x) =
wT x + w0 andy(x⊥) = wT x⊥ + w0 = 0 , we have

r =
y(x)
! w!

. (4.7)

This result is illustrated in Figure 4.1.
As with the linear regression models in Chapter 3, it is sometimes convenient

to use a more compact notation in which we introduce an additional dummy ÔinputÕ
valuex0 = 1 and then deÞne!w = ( w0,w) and!x = ( x0,x) so that

y(x) = !wT !x. (4.8)

In this case, the decision surfaces areD-dimensional hyperplanes passing through
the origin of theD + 1 -dimensional expanded input space.

4.1.2 Multiple classes

Now consider the extension of linear discriminants toK > 2 classes. We might
be tempted be to build aK-class discriminant by combining a number of two-class
discriminant functions. However, this leads to some serious difÞculties (Duda and
Hart, 1973) as we now show.

Consider the use ofK " 1 classiÞers each of which solves a two-class problem of
separating points in a particular classCk from points not in that class. This is known
as aone-versus-the-restclassiÞer. The left-hand example in Figure 4.2 shows an
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Maximum margin classifiers(3)

For all points correctly classified
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Figure 7.1 The margin is defined as the perpendicular distance between the decision boundary and the closest
of the data points, as shown on the left figure. Maximizing the margin leads to a particular choice of decision
boundary, as shown on the right. The location of this boundary is determined by a subset of the data points,
known as support vectors, which are indicated by the circles.

having a common parameterσ2. Together with the class priors, this deÞnes an opti-
mal misclassiÞcation-rate decision boundary. However, instead of using this optimal
boundary, they determine the best hyperplane by minimizing the probability of error
relative to the learned density model. In the limitσ2 " 0, the optimal hyperplane
is shown to be the one having maximum margin. The intuition behind this result is
that asσ2 is reduced, the hyperplane is increasingly dominated by nearby data points
relative to more distant ones. In the limit, the hyperplane becomes independent of
data points that are not support vectors.

We shall see in Figure 10.13 that marginalization with respect to the prior distri-
bution of the parameters in a Bayesian approach for a simple linearly separable data
set leads to a decision boundary that lies in the middle of the region separating the
data points. The large margin solution has similar behaviour.

Recall from Figure 4.1 that the perpendicular distance of a pointx from a hyper-
plane deÞned byy(x) = 0 wherey(x) takes the form (7.1) is given by|y(x)|/#w#.
Furthermore, we are only interested in solutions for which all data points are cor-
rectly classiÞed, so thattn y(xn ) > 0 for all n. Thus the distance of a pointxn to the
decision surface is given by

tn y(xn )
#w#

=
tn (wT ! (xn ) + b)

#w#
. (7.2)

The margin is given by the perpendicular distance to the closest pointxn from the
data set, and we wish to optimize the parametersw andb in order to maximize this
distance. Thus the maximum margin solution is found by solving

arg max
w,b

{
1

#w#
min

n

[
tn

(
wT ! (xn ) + b

)]}
(7.3)

where we have taken the factor1/#w# outside the optimization overn becausew
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is shown to be the one having maximum margin. The intuition behind this result is
that as ! 2 is reduced, the hyperplane is increasingly dominated by nearby data points
relative to more distant ones. In the limit, the hyperplane becomes independent of
data points that are not support vectors.

We shall see in Figure 10.13 that marginalization with respect to the prior distri-
bution of the parameters in a Bayesian approach for a simple linearly separable data
set leads to a decision boundary that lies in the middle of the region separating the
data points. The large margin solution has similar behaviour.

Recall from Figure 4.1 that the perpendicular distance of a point x from a hyper-
plane defined by y(x) = 0 where y(x) takes the form (7.1) is given by |y(x)|/ #w#.
Furthermore, we are only interested in solutions for which all data points are cor-
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decision surface is given by
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The margin is given by the perpendicular distance to the closest point xn from the
data set, and we wish to optimize the parameters w and b in order to maximize this
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where we have taken the factor 1/ #w# outside the optimization over n because w

Maximum margin is found by 

However, this is too difficult to optimise !
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does not depend on n. Direct solution of this optimization problem would be very
complex, and so we shall convert it into an equivalent problem that is much easier
to solve. To do this we note that if we make the rescaling w ! κw and b ! κb,
then the distance from any point xn to the decision surface, given by tn y(xn )/ "w" ,
is unchanged. We can use this freedom to set

tn
(
wTφ(xn ) + b

)
= 1 (7.4)

for the point that is closest to the surface. In this case, all data points will satisfy the
constraints

tn
(
wTφ(xn ) + b

)
! 1, n = 1, . . . , N. (7.5)

This is known as the canonical representation of the decision hyperplane. In the
case of data points for which the equality holds, the constraints are said to be active,
whereas for the remainder they are said to be inactive. By definition, there will
always be at least one active constraint, because there will always be a closest point,
and once the margin has been maximized there will be at least two active constraints.
The optimization problem then simply requires that we maximize "w"−1, which is
equivalent to minimizing "w" 2, and so we have to solve the optimization problem

arg min
w,b

1
2

"w" 2 (7.6)

subject to the constraints given by (7.5). The factor of 1/ 2 in (7.6) is included for
later convenience. This is an example of a quadratic programmingproblem in which
we are trying to minimize a quadratic function subject to a set of linear inequality
constraints. It appears that the bias parameter b has disappeared from the optimiza-
tion. However, it is determined implicitly via the constraints, because these require
that changes to "w" be compensated by changes to b. We shall see how this works
shortly.

In order to solve this constrained optimization problem, we introduce Lagrange
multipliers an ! 0, with one multiplier an for each of the constraints in (7.5), givingAppendix E
the Lagrangian function

L (w, b,a) =
1
2

"w" 2 #
N∑

n=1

an
{

tn (wTφ(xn ) + b) # 1
}

(7.7)

where a = (a1, . . . , aN )T. Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect to w and b, and maximizing with
respect to a. Setting the derivatives of L (w, b,a) with respect to w and b equal to
zero, we obtain the following two conditions

w =
N∑

n=1

an tn φ(xn ) (7.8)

0 =
N∑

n=1

an tn . (7.9)

Note that if 
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whereas for the remainder they are said to be inactive. By definition, there will
always be at least one active constraint, because there will always be a closest point,
and once the margin has been maximized there will be at least two active constraints.
The optimization problem then simply requires that we maximize " w"−1, which is
equivalent to minimizing " w" 2, and so we have to solve the optimization problem
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subject to the constraints given by (7.5). The factor of 1/2 in (7.6) is included for
later convenience. This is an example of a quadratic programmingproblem in which
we are trying to minimize a quadratic function subject to a set of linear inequality
constraints. It appears that the bias parameter b has disappeared from the optimiza-
tion. However, it is determined implicitly via the constraints, because these require
that changes to " w" be compensated by changes to b. We shall see how this works
shortly.

In order to solve this constrained optimization problem, we introduce Lagrange
multipliers an ! 0, with one multiplier an for each of the constraints in (7.5), givingAppendix E
the Lagrangian function

L(w , b, a) =
1
2

" w" 2 #
N#

n =1

an
$
tn (w T φ(xn ) + b) # 1

%
(7.7)

where a = ( a1, . . . , aN )T . Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect to w and b, and maximizing with
respect to a. Setting the derivatives of L(w , b, a) with respect to w and b equal to
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does not depend onn. Direct solution of this optimization problem would be very
complex, and so we shall convert it into an equivalent problem that is much easier
to solve. To do this we note that if we make the rescalingw ! ! w andb ! ! b,
then the distance from any pointxn to the decision surface, given bytn y(xn )/ " w" ,
is unchanged. We can use this freedom to set

tn
!
wTφ(xn ) + b

"
= 1 (7.4)

for the point that is closest to the surface. In this case, all data points will satisfy the
constraints
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This is known as the canonical representation of the decision hyperplane. In the
case of data points for which the equality holds, the constraints are said to beactive,
whereas for the remainder they are said to beinactive. By deÞnition, there will
always be at least one active constraint, because there will always be a closest point,
and once the margin has been maximized there will be at least two active constraints.
The optimization problem then simply requires that we maximize" w"−1, which is
equivalent to minimizing" w" 2, and so we have to solve the optimization problem

arg min
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1
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" w" 2 (7.6)

subject to the constraints given by (7.5). The factor of1/ 2 in (7.6) is included for
later convenience. This is an example of aquadratic programming problem in which
we are trying to minimize a quadratic function subject to a set of linear inequality
constraints. It appears that the bias parameterb has disappeared from the optimiza-
tion. However, it is determined implicitly via the constraints, because these require
that changes to" w" be compensated by changes tob. We shall see how this works
shortly.

In order to solve this constrained optimization problem, we introduce Lagrange
multipliersan ! 0, with one multiplieran for each of the constraints in (7.5), givingAppendix E
the Lagrangian function
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wherea = ( a1, . . . , aN )T. Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect tow and b, and maximizing with
respect toa. Setting the derivatives ofL (w, b,a) with respect tow andb equal to
zero, we obtain the following two conditions
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equivalent to minimizing "w" 2, and so we have to solve the optimization problem

arg min
w ,b

1
2

"w" 2 (7.6)

subject to the constraints given by (7.5). The factor of 1/ 2 in (7.6) is included for
later convenience. This is an example of a quadratic programmingproblem in which
we are trying to minimize a quadratic function subject to a set of linear inequality
constraints. It appears that the bias parameter b has disappeared from the optimiza-
tion. However, it is determined implicitly via the constraints, because these require
that changes to "w" be compensated by changes to b. We shall see how this works
shortly.

In order to solve this constrained optimization problem, we introduce Lagrange
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where a = (a1, . . . , aN )T . Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect to w and b, and maximizing with
respect to a. Setting the derivatives of L (w, b,a) with respect to w and b equal to
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does not depend on n. Direct solution of this optimization problem would be very
complex, and so we shall convert it into an equivalent problem that is much easier
to solve. To do this we note that if we make the rescaling w ! ! w and b ! ! b,
then the distance from any point xn to the decision surface, given by tn y(xn )/" w" ,
is unchanged. We can use this freedom to set
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case of data points for which the equality holds, the constraints are said to be active,
whereas for the remainder they are said to be inactive. By definition, there will
always be at least one active constraint, because there will always be a closest point,
and once the margin has been maximized there will be at least two active constraints.
The optimization problem then simply requires that we maximize " w"−1, which is
equivalent to minimizing " w" 2, and so we have to solve the optimization problem
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subject to the constraints given by (7.5). The factor of 1/2 in (7.6) is included for
later convenience. This is an example of a quadratic programmingproblem in which
we are trying to minimize a quadratic function subject to a set of linear inequality
constraints. It appears that the bias parameter b has disappeared from the optimiza-
tion. However, it is determined implicitly via the constraints, because these require
that changes to " w" be compensated by changes to b. We shall see how this works
shortly.

In order to solve this constrained optimization problem, we introduce Lagrange
multipliers an ! 0, with one multiplier an for each of the constraints in (7.5), givingAppendix E
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where a = ( a1, . . . , aN )T . Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect to w and b, and maximizing with
respect to a. Setting the derivatives of L(w , b, a) with respect to w and b equal to
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does not depend onn. Direct solution of this optimization problem would be very
complex, and so we shall convert it into an equivalent problem that is much easier
to solve. To do this we note that if we make the rescalingw ! ! w andb ! ! b,
then the distance from any pointxn to the decision surface, given bytn y(xn )/ " w" ,
is unchanged. We can use this freedom to set

tn
!
wTφ(xn ) + b

"
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for the point that is closest to the surface. In this case, all data points will satisfy the
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case of data points for which the equality holds, the constraints are said to beactive,
whereas for the remainder they are said to beinactive. By deÞnition, there will
always be at least one active constraint, because there will always be a closest point,
and once the margin has been maximized there will be at least two active constraints.
The optimization problem then simply requires that we maximize" w"−1, which is
equivalent to minimizing" w" 2, and so we have to solve the optimization problem

arg min
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subject to the constraints given by (7.5). The factor of1/ 2 in (7.6) is included for
later convenience. This is an example of aquadratic programming problem in which
we are trying to minimize a quadratic function subject to a set of linear inequality
constraints. It appears that the bias parameterb has disappeared from the optimiza-
tion. However, it is determined implicitly via the constraints, because these require
that changes to" w" be compensated by changes tob. We shall see how this works
shortly.

In order to solve this constrained optimization problem, we introduce Lagrange
multipliersan ! 0, with one multiplieran for each of the constraints in (7.5), givingAppendix E
the Lagrangian function
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wherea = ( a1, . . . , aN )T. Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect tow and b, and maximizing with
respect toa. Setting the derivatives ofL (w, b,a) with respect tow andb equal to
zero, we obtain the following two conditions
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does not depend on n. Direct solution of this optimization problem would be very
complex, and so we shall convert it into an equivalent problem that is much easier
to solve. To do this we note that if we make the rescaling w ! κw and b ! κb,
then the distance from any point xn to the decision surface, given by tn y(xn )/ "w" ,
is unchanged. We can use this freedom to set
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for the point that is closest to the surface. In this case, all data points will satisfy the
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This is known as the canonical representation of the decision hyperplane. In the
case of data points for which the equality holds, the constraints are said to be active,
whereas for the remainder they are said to be inactive. By definition, there will
always be at least one active constraint, because there will always be a closest point,
and once the margin has been maximized there will be at least two active constraints.
The optimization problem then simply requires that we maximize "w" ! 1, which is
equivalent to minimizing "w" 2, and so we have to solve the optimization problem

arg min
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"w" 2 (7.6)

subject to the constraints given by (7.5). The factor of 1/ 2 in (7.6) is included for
later convenience. This is an example of a quadratic programmingproblem in which
we are trying to minimize a quadratic function subject to a set of linear inequality
constraints. It appears that the bias parameter b has disappeared from the optimiza-
tion. However, it is determined implicitly via the constraints, because these require
that changes to "w" be compensated by changes to b. We shall see how this works
shortly.

In order to solve this constrained optimization problem, we introduce Lagrange
multipliers an ! 0, with one multiplier an for each of the constraints in (7.5), givingAppendix E
the Lagrangian function
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where a = (a1, . . . , aN )T . Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect to w and b, and maximizing with
respect to a. Setting the derivatives of L (w, b,a) with respect to w and b equal to
zero, we obtain the following two conditions
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does not depend on n. Direct solution of this optimization problem would be very
complex, and so we shall convert it into an equivalent problem that is much easier
to solve. To do this we note that if we make the rescaling w ! ! w and b ! ! b,
then the distance from any point xn to the decision surface, given by tn y(xn )/" w" ,
is unchanged. We can use this freedom to set
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for the point that is closest to the surface. In this case, all data points will satisfy the
constraints
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This is known as the canonical representation of the decision hyperplane. In the
case of data points for which the equality holds, the constraints are said to be active,
whereas for the remainder they are said to be inactive. By definition, there will
always be at least one active constraint, because there will always be a closest point,
and once the margin has been maximized there will be at least two active constraints.
The optimization problem then simply requires that we maximize " w"−1, which is
equivalent to minimizing " w" 2, and so we have to solve the optimization problem

arg min
w,b
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" w" 2 (7.6)

subject to the constraints given by (7.5). The factor of 1/2 in (7.6) is included for
later convenience. This is an example of a quadratic programmingproblem in which
we are trying to minimize a quadratic function subject to a set of linear inequality
constraints. It appears that the bias parameter b has disappeared from the optimiza-
tion. However, it is determined implicitly via the constraints, because these require
that changes to " w" be compensated by changes to b. We shall see how this works
shortly.

In order to solve this constrained optimization problem, we introduce Lagrange
multipliers an ! 0, with one multiplier an for each of the constraints in (7.5), givingAppendix E
the Lagrangian function
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where a = ( a1, . . . , aN )T . Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect to w and b, and maximizing with
respect to a. Setting the derivatives of L(w , b, a) with respect to w and b equal to
zero, we obtain the following two conditions
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does not depend on n. Direct solution of this optimization problem would be very
complex, and so we shall convert it into an equivalent problem that is much easier
to solve. To do this we note that if we make the rescaling w ! ! w and b ! ! b,
then the distance from any point xn to the decision surface, given by tn y(xn )/" w" ,
is unchanged. We can use this freedom to set
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= 1 (7.4)

for the point that is closest to the surface. In this case, all data points will satisfy the
constraints
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This is known as the canonical representation of the decision hyperplane. In the
case of data points for which the equality holds, the constraints are said to be active,
whereas for the remainder they are said to be inactive. By definition, there will
always be at least one active constraint, because there will always be a closest point,
and once the margin has been maximized there will be at least two active constraints.
The optimization problem then simply requires that we maximize " w"−1, which is
equivalent to minimizing " w" 2, and so we have to solve the optimization problem

arg min
w,b

1
2

" w" 2 (7.6)

subject to the constraints given by (7.5). The factor of 1/2 in (7.6) is included for
later convenience. This is an example of a quadratic programmingproblem in which
we are trying to minimize a quadratic function subject to a set of linear inequality
constraints. It appears that the bias parameter b has disappeared from the optimiza-
tion. However, it is determined implicitly via the constraints, because these require
that changes to " w" be compensated by changes to b. We shall see how this works
shortly.

In order to solve this constrained optimization problem, we introduce Lagrange
multipliers an ! 0, with one multiplier an for each of the constraints in (7.5), givingAppendix E
the Lagrangian function
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where a = ( a1, . . . , aN )T . Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect to w and b, and maximizing with
respect to a. Setting the derivatives of L(w , b, a) with respect to w and b equal to
zero, we obtain the following two conditions
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Figure 7.3 Illustration of the slack variables ξn ! 0.
Data points with circles around them are
support vectors.
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y = 0

y = ! 1

ξ > 1

ξ < 1

ξ = 0

ξ = 0

with ξn > 1 will be misclassiÞed. The exact classiÞcation constraints (7.5) are then
replaced with

tn y(xn ) ! 1 ! ξn , n = 1, . . . , N (7.20)

in which the slack variables are constrained to satisfyξn ! 0. Data points for which
ξn = 0 are correctly classiÞed and are either on the margin or on the correct side
of the margin. Points for which0 < ξn " 1 lie inside the margin, but on the cor-
rect side of the decision boundary, and those data points for whichξn > 1 lie on
the wrong side of the decision boundary and are misclassiÞed, as illustrated in Fig-
ure 7.3. This is sometimes described as relaxing the hard margin constraint to give a
soft marginand allows some of the training set data points to be misclassiÞed. Note
that while slack variables allow for overlapping class distributions, this framework is
still sensitive to outliers because the penalty for misclassiÞcation increases linearly
with ξ.

Our goal is now to maximize the margin while softly penalizing points that lie
on the wrong side of the margin boundary. We therefore minimize

C
N!

n=1

ξn +
1
2

"w" 2 (7.21)

where the parameterC > 0 controls the trade-off between the slack variable penalty
and the margin. Because any point that is misclassiÞed hasξn > 1, it follows that"

n ξn is an upper bound on the number of misclassiÞed points. The parameterC is
therefore analogous to (the inverse of) a regularization coefÞcient because it controls
the trade-off between minimizing training errors and controlling model complexity.
In the limit C # $ , we will recover the earlier support vector machine for separable
data.

We now wish to minimize (7.21) subject to the constraints (7.20) together with
ξn ! 0. The corresponding Lagrangian is given by

L(w, b,a) =
1
2

"w" 2 +C
N!

n=1

ξn !
N!

n=1

an { tn y(xn ) ! 1 + ξn } !
N!

n=1

µn ξn (7.22)
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Figure 7.3 Illustration of the slack variables ! n ! 0.
Data points with circles around them are
support vectors.
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replaced with

tny(xn) ! 1− ! n, n = 1 , . . . , N (7.20)

in which the slack variables are constrained to satisfy ! n ! 0. Data points for which
! n = 0 are correctly classified and are either on the margin or on the correct side
of the margin. Points for which 0 < ! n " 1 lie inside the margin, but on the cor-
rect side of the decision boundary, and those data points for which ! n > 1 lie on
the wrong side of the decision boundary and are misclassified, as illustrated in Fig-
ure 7.3. This is sometimes described as relaxing the hard margin constraint to give a
soft margin and allows some of the training set data points to be misclassified. Note
that while slack variables allow for overlapping class distributions, this framework is
still sensitive to outliers because the penalty for misclassification increases linearly
with ! .

Our goal is now to maximize the margin while softly penalizing points that lie
on the wrong side of the margin boundary. We therefore minimize

C
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2
‖w‖2 (7.21)

where the parameter C > 0 controls the trade-off between the slack variable penalty
and the margin. Because any point that is misclassified has ! n > 1, it follows that∑

n ! n is an upper bound on the number of misclassified points. The parameter C is
therefore analogous to (the inverse of) a regularization coefficient because it controls
the trade-off between minimizing training errors and controlling model complexity.
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We now wish to minimize (7.21) subject to the constraints (7.20) together with
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Figure 7.3 Illustration of the slack variables ! n ! 0.
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In the limit C → ∞, we will recover the earlier support vector machine for separable
data.

We now wish to minimize (7.21) subject to the constraints (7.20) together with
! n ! 0. The corresponding Lagrangian is given by

L(w, b,a) =
1
2
‖w‖2 + C

N!

n=1

! n −
N!

n=1

an { tn y(xn ) − 1 + ! n } −
N!

n=1

µn ! n (7.22)
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does not depend onn. Direct solution of this optimization problem would be very
complex, and so we shall convert it into an equivalent problem that is much easier
to solve. To do this we note that if we make the rescalingw ! ! w andb ! ! b,
then the distance from any pointxn to the decision surface, given bytn y(xn )/ " w" ,
is unchanged. We can use this freedom to set

tn
!
wTφ(xn ) + b

"
= 1 (7.4)

for the point that is closest to the surface. In this case, all data points will satisfy the
constraints

tn
!
wTφ(xn ) + b

"
! 1, n = 1 , . . . , N. (7.5)

This is known as the canonical representation of the decision hyperplane. In the
case of data points for which the equality holds, the constraints are said to beactive,
whereas for the remainder they are said to beinactive. By deÞnition, there will
always be at least one active constraint, because there will always be a closest point,
and once the margin has been maximized there will be at least two active constraints.
The optimization problem then simply requires that we maximize" w"−1, which is
equivalent to minimizing" w" 2, and so we have to solve the optimization problem

arg min
w ,b

1
2

" w" 2 (7.6)

subject to the constraints given by (7.5). The factor of1/ 2 in (7.6) is included for
later convenience. This is an example of aquadratic programming problem in which
we are trying to minimize a quadratic function subject to a set of linear inequality
constraints. It appears that the bias parameterb has disappeared from the optimiza-
tion. However, it is determined implicitly via the constraints, because these require
that changes to" w" be compensated by changes tob. We shall see how this works
shortly.

In order to solve this constrained optimization problem, we introduce Lagrange
multipliersan ! 0, with one multiplieran for each of the constraints in (7.5), givingAppendix E
the Lagrangian function

L(w, b,a) =
1
2

" w" 2 #
N#

n=1

an
$

tn (wTφ(xn ) + b) # 1
%

(7.7)

wherea = ( a1, . . . , aN )T. Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect tow and b, and maximizing with
respect toa. Setting the derivatives ofL (w, b,a) with respect tow andb equal to
zero, we obtain the following two conditions

w =
N#

n=1

an tn φ(xn ) (7.8)

0 =
N#

n=1

an tn . (7.9)
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constraints. It appears that the bias parameter b has disappeared from the optimiza-
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where a = ( a1, . . . , aN )T . Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect to w and b, and maximizing with
respect to a. Setting the derivatives of L(w , b, a) with respect to w and b equal to
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where a = ( a1, . . . , aN )T . Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect to w and b, and maximizing with
respect to a. Setting the derivatives of L(w, b,a) with respect to w and b equal to
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constraints. It appears that the bias parameter b has disappeared from the optimiza-
tion. However, it is determined implicitly via the constraints, because these require
that changes to " w" be compensated by changes to b. We shall see how this works
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multipliers an ! 0, with one multiplier an for each of the constraints in (7.5), givingAppendix E
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where a = ( a1, . . . , aN )T . Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect to w and b, and maximizing with
respect to a. Setting the derivatives of L(w, b,a) with respect to w and b equal to
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Eliminating w and b from L (w, b,a) using these conditions then gives the dual
representationof the maximum margin problem in which we maximize

!L (a) =
N"

n=1

an − 1
2

N"

n=1

N"

m=1

anamtntmk(xn, xm) (7.10)

with respect to a subject to the constraints

an ! 0, n = 1, . . . , N, (7.11)
N"

n=1

antn = 0. (7.12)

Here the kernel function is defined by k(x, x !) = ! (x)T! (x !). Again, this takes the
form of a quadratic programming problem in which we optimize a quadratic function
of a subject to a set of inequality constraints. We shall discuss techniques for solving
such quadratic programming problems in Section 7.1.1.

The solution to a quadratic programming problem in M variables in general has
computational complexity that is O(M 3). In going to the dual formulation we have
turned the original optimization problem, which involved minimizing (7.6) over M
variables, into the dual problem (7.10), which has N variables. For a fixed set of
basis functions whose number M is smaller than the number N of data points, the
move to the dual problem appears disadvantageous. However, it allows the model to
be reformulated using kernels, and so the maximum margin classifier can be applied
efficiently to feature spaces whose dimensionality exceeds the number of data points,
including infinite feature spaces. The kernel formulation also makes clear the role
of the constraint that the kernel function k(x, x !) be positive definite, because this
ensures that the Lagrangian function !L (a) is bounded below, giving rise to a well-
defined optimization problem.

In order to classify new data points using the trained model, we evaluate the sign
of y(x) defined by (7.1). This can be expressed in terms of the parameters { an} and
the kernel function by substituting for w using (7.8) to give

y(x) =
N"

n=1

antnk(x, xn) + b. (7.13)
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In Appendix E, we show that a constrained optimization of this form satisÞes the
Karush-Kuhn-Tucker (KKT) conditions, which in this case require that the following
three properties hold

an ! 0 (7.14)
tn y(xn ) − 1 ! 0 (7.15)

an { tn y(xn ) − 1} = 0 . (7.16)

Thus for every data point, eitheran = 0 or tn y(xn ) = 1 . Any data point for
whichan = 0 will not appear in the sum in (7.13) and hence plays no role in making
predictions for new data points. The remaining data points are calledsupport vectors,
and because they satisfytn y(xn ) = 1 , they correspond to points that lie on the
maximum margin hyperplanes in feature space, as illustrated in Figure 7.1. This
property is central to the practical applicability of support vector machines. Once
the model is trained, a signiÞcant proportion of the data points can be discarded and
only the support vectors retained.

Having solved the quadratic programming problem and found a value fora, we
can then determine the value of the threshold parameterbby noting that any support
vectorxn satisÞestn y(xn ) = 1 . Using (7.13) this gives

tn

!
"

m∈S

am tm k(xn , xm ) + b

#

= 1 (7.17)

whereS denotes the set of indices of the support vectors. Although we can solve
this equation forbusing an arbitrarily chosen support vectorxn , a numerically more
stable solution is obtained by Þrst multiplying through bytn , making use oft2n = 1 ,
and then averaging these equations over all support vectors and solving forb to give

b =
1

NS

"

n∈S

!

tn −
"

m∈S

am tm k(xn , xm )

#

(7.18)

whereNS is the total number of support vectors.
For later comparison with alternative models, we can express the maximum-

margin classiÞer in terms of the minimization of an error function, with a simple
quadratic regularizer, in the form

N"

n=1

E∞(y(xn )tn − 1) + ! ‖w‖2 (7.19)

whereE∞(z) is a function that is zero ifz ! 0 and∞ otherwise and ensures that
the constraints (7.5) are satisÞed. Note that as long as the regularization parameter
satisÞes! > 0, its precise value plays no role.

Figure 7.2 shows an example of the classiÞcation resulting from training a sup-
port vector machine on a simple synthetic data set using a Gaussian kernel of the
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fessor at the Royal Artillery School in Turin. For many

years, Euler worked hard to persuade Lagrange to
move to Berlin, which he eventually did in 1766 where
he succeeded Euler as Director of Mathematics at
the Berlin Academy. Later he moved to Paris, nar-
rowly escaping with his life during the French revo-
lution thanks to the personal intervention of Lavoisier
(the French chemist who discovered oxygen) who him-
self was later executed at the guillotine. Lagrange
made key contributions to the calculus of variations
and the foundations of dynamics.
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mensionality. This is not the case, however, because there are constraints amongstSection 1.4
the feature values that restrict the effective dimensionality of feature space. To see
this consider a simple second-order polynomial kernel that we can expand in terms
of its components

k(x, z) =
(
1 + xT z

)2 = (1 + x1z1 + x2z2)2

= 1 + 2x1z1 + 2x2z2 + x2
1z

2
1 + 2x1z1x2z2 + x2

2z
2
2

= (1,
!

2x1,
!

2x2, x
2
1,

!
2x1x2, x

2
2)(1,

!
2z1,

!
2z2, z

2
1 ,

!
2z1z2, z

2
2)T

= ! (x)T ! (z). (7.42)

This kernel function therefore represents an inner product in a feature space having
six dimensions, in which the mapping from input space to feature space is described
by the vector function! (x). However, the coefÞcients weighting these different
features are constrained to have speciÞc forms. Thus any set of points in the original
two-dimensional spacex would be constrained to lie exactly on a two-dimensional
nonlinear manifold embedded in the six-dimensional feature space.

We have already highlighted the fact that the support vector machine does not
provide probabilistic outputs but instead makes classiÞcation decisions for new in-
put vectors. Veropouloset al. (1999) discuss modiÞcations to the SVM to allow
the trade-off between false positive and false negative errors to be controlled. How-
ever, if we wish to use the SVM as a module in a larger probabilistic system, then
probabilistic predictions of the class labelt for new inputsx are required.

To address this issue, Platt (2000) has proposed Þtting a logistic sigmoid to the
outputs of a previously trained support vector machine. SpeciÞcally, the required
conditional probability is assumed to be of the form

p(t = 1|x) = σ (Ay(x) + B) (7.43)

wherey(x) is deÞned by (7.1). Values for the parametersA andB are found by
minimizing the cross-entropy error function deÞned by a training set consisting of
pairs of valuesy(xn ) andtn . The data used to Þt the sigmoid needs to be independent
of that used to train the original SVM in order to avoid severe over-Þtting. This two-
stage approach is equivalent to assuming that the outputy(x) of the support vector
machine represents the log-odds ofx belonging to classt = 1. Because the SVM
training procedure is not speciÞcally intended to encourage this, the SVM can give
a poor approximation to the posterior probabilities (Tipping, 2001).

7.1.2 Relation to logistic regression

As with the separable case, we can re-cast the SVM for nonseparable distri-
butions in terms of the minimization of a regularized error function. This will also
allow us to highlight similarities, and differences, compared to the logistic regression
model.Section 4.3.2

We have seen that for data points that are on the correct side of the margin
boundary, and which therefore satisfyyn tn ! 1, we haveξn = 0, and for the

k(x, z) = exp(−γ�x − z�2)

Polynomial kernel

Gaussian kernel

Infinite dimensional feature space!
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What Functions are Kernels?
• For some functions K(xi,xj) checking that K(xi,xj)= " (xi) 

T" (xj) can be 
cumbersome. 

• Mercer’s theorem:  
Every semi-positive definite symmetric function is a kernel

• Semi-positive definite symmetric functions correspond to a semi-positive 
definite symmetric Gram matrix:

K(x1,x1) K(x1,x2) K(x1,x3) É K(x1,xn)

K(x2,x1) K(x2,x2) K(x2,x3) K(x2,xn)

É É É É É 

K(xn,x1) K(xn,x2) K(xn,x3) É K(xn,xn)

K=
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Examples of Kernel Functions

• Linear: K(xi,xj)= xi
Txj  

Ð Mapping !:    x  !   " (x), where " (x) is x itself

• Polynomial of power p: K(xi,xj)= (1+ xi
Txj)p

Ð Mapping !:    x  !   " (x), where " (x) has           dimensions 

• Gaussian (radial-basis function): K(xi,xj) =
Ð Mapping !:  x !   " (x), where " (x) is infinite-dimensional: every point is mapped to a 

function (a Gaussian); combination of functions for support vectors is the separator.

• Higher-dimensional space still has intrinsic dimensionality d (the mapping is 
not onto), but linear separators in it correspond to non-linear separators in 
original space.

¥Text

Overfitting

11

©Carlos Guestrin 2005-2009 !"

Common kernels

! Polynomials of degree d

! Polynomials of degree up to d

! Gaussian kernels

! Sigmoid

©Carlos Guestrin 2005-2009 !!

Overfitting?

! Huge feature space with kernels, what about 
overfitting???
" Maximizing margin leads to sparse set of support 

vectors 

" Some interesting theory says that SVMs search for 
simple hypothesis with large margin

" Often robust to overfitting

30

SVMs for regression
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Figure 7.6 Plot of an ε-insensitive error function (in
red) in which the error increases lin-
early with distance beyond the insen-
sitive region. Also shown for compar-
ison is the quadratic error function (in
green).

0 z

E (z)

! ! !

minimize a regularized error function given by

1
2

N∑

n=1

{ yn ! tn } 2 +
"
2

"w" 2. (7.50)

To obtain sparse solutions, the quadratic error function is replaced by an! -insensitive
error function(Vapnik, 1995), which gives zero error if the absolute difference be-
tween the predictiony(x) and the targett is less than! where! > 0. A simple
example of an! -insensitive error function, having a linear cost associated with errors
outside the insensitive region, is given by

Eε(y(x) ! t) =
{

0, if |y(x) ! t | < ! ;
|y(x) ! t | ! ! , otherwise (7.51)

and is illustrated in Figure 7.6.
We therefore minimize a regularized error function given by

C
N∑

n=1

Eε(y(xn ) ! tn ) +
1
2

"w" 2 (7.52)

wherey(x) is given by (7.1). By convention the (inverse) regularization parameter,
denotedC, appears in front of the error term.

As before, we can re-express the optimization problem by introducing slack
variables. For each data pointxn , we now need two slack variables#n ! 0 and
#̂n ! 0, where#n > 0 corresponds to a point for whichtn > y (xn ) + ! , and#̂n > 0
corresponds to a point for whichtn < y (xn ) ! ! , as illustrated in Figure 7.7.

The condition for a target point to lie inside the! -tube is thatyn ! ! " tn "
yn +! , whereyn = y(xn ). Introducing the slack variables allows points to lie outside
the tube provided the slack variables are nonzero, and the corresponding conditions
are

tn " y(xn ) + ! + #n (7.53)

tn ! y(xn ) ! ! ! #̂n . (7.54)
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Figure 7.6 Plot of an ε-insensitive error function (in
red) in which the error increases lin-
early with distance beyond the insen-
sitive region. Also shown for compar-
ison is the quadratic error function (in
green).

0 z

E(z)
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minimize a regularized error function given by

1
2

N∑

n=1

{yn − tn}2 +
"
2
‖w‖2. (7.50)

To obtain sparse solutions, the quadratic error function is replaced by an ! -insensitive
error function (Vapnik, 1995), which gives zero error if the absolute difference be-
tween the prediction y(x) and the target t is less than ! where ! > 0. A simple
example of an ! -insensitive error function, having a linear cost associated with errors
outside the insensitive region, is given by

Eε(y(x) − t) =

{
0, if |y(x) − t| < ! ;
|y(x) − t|− ! , otherwise (7.51)

and is illustrated in Figure 7.6.
We therefore minimize a regularized error function given by

C
N∑

n=1

Eε(y(xn) − tn) +
1
2
‖w‖2 (7.52)

where y(x) is given by (7.1). By convention the (inverse) regularization parameter,
denoted C, appears in front of the error term.

As before, we can re-express the optimization problem by introducing slack
variables. For each data point xn, we now need two slack variables #n ! 0 and
#̂n ! 0, where #n > 0 corresponds to a point for which tn > y (xn) + ! , and #̂n > 0
corresponds to a point for which tn < y (xn) − ! , as illustrated in Figure 7.7.

The condition for a target point to lie inside the ! -tube is that yn − ! " tn "
yn+ ! , where yn = y(xn). Introducing the slack variables allows points to lie outside
the tube provided the slack variables are nonzero, and the corresponding conditions
are

tn " y(xn) + ! + #n (7.53)

tn ! y(xn) − ! − #̂n. (7.54)
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Figure 7.8 Illustration of the ν-SVM for re-
gression applied to the sinusoidal
synthetic data set using Gaussian
kernels. The predicted regression
curve is shown by the red line, and
the ε-insensitive tube corresponds
to the shaded region. Also, the
data points are shown in green,
and those with support vectors
are indicated by blue circles.
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7.1.5 Computational learning theory
Historically, support vector machines have largely been motivated and analysed

using a theoretical framework known ascomputational learning theory, also some-
times calledstatistical learning theory(Anthony and Biggs, 1992; Kearns and Vazi-
rani, 1994; Vapnik, 1995; Vapnik, 1998). This has its origins with Valiant (1984)
who formulated theprobably approximately correct, or PAC, learning framework.
The goal of the PAC framework is to understand how large a data set needs to be in
order to give good generalization. It also gives bounds for the computational cost of
learning, although we do not consider these here.

Suppose that a data setD of sizeN is drawn from some joint distributionp(x, t)
wherex is the input variable andt represents the class label, and that we restrict
attention to Ônoise freeÕ situations in which the class labels are determined by some
(unknown) deterministic functiont = g(x). In PAC learning we say that a function
f (x; D), drawn from a spaceF of such functions on the basis of the training set
D, has good generalization if its expected error rate is below some pre-speciÞed
thresholdε, so that

Ex ,t [I (f (x; D) != t)] < ε (7.75)

whereI (á) is the indicator function, and the expectation is with respect to the dis-
tribution p(x, t). The quantity on the left-hand side is a random variable, because
it depends on the training setD, and the PAC framework requires that (7.75) holds,
with probability greater than1 " δ, for a data setD drawn randomly fromp(x, t).
Hereδ is another pre-speciÞed parameter, and the terminology Ôprobably approxi-
mately correctÕ comes from the requirement that with high probability (greater than
1" δ), the error rate be small (less thanε). For a given choice of model spaceF , and
for given parametersε andδ, PAC learning aims to provide bounds on the minimum
sizeN of data set needed to meet this criterion. A key quantity in PAC learning is
theVapnik-Chervonenkis dimension, or VC dimension, which provides a measure of
the complexity of a space of functions, and which allows the PAC framework to be
extended to spaces containing an inÞnite number of functions.

The bounds derived within the PAC framework are often described as worst-

Error function

minimize

where,
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Summary

¥ SVM advantages

¥ Efficient QP learning

¥ Sparse

¥ SVM disadvantages

¥ Not probabilistic

¥ Do not directly handle multi-class problems

¥ QP might struggle in very large datasets
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An Empirical Comparison of Supervised Learning Algorithms
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Abstract

A number of supervised learning methods
have beenintro duced in the last decade.Un-
fortunately, the last comprehensive empiri-
cal evaluation of supervised learning was the
Statlog Project in the early 90Õs.We present
a large-scaleempirical comparison between
ten supervised learning methods: SVMs,
neural nets, logistic regression,naive bayes,
memory-basedlearning, random forests, de-
cision trees, baggedtrees, boosted trees, and
boosted stumps. We also examine the effect
that calibrating the models via Platt Scaling
and Isotonic Regressionhas on their perfor-
mance. An important aspect of our study is
the useof a variety of performancecriteria to
evaluate the learning methods.

1. In tro duction

There are few comprehensive empirical studies com-
paring learning algorithms. STATLOG is perhapsthe
best known study (King et al., 1995). STATLOG was
very comprehensive when it was performed, but since
then new learning algorithms have emerged(e.g., bag-
ging, boosting, SVMs, random forests) that haveexcel-
lent performance. An extensiveempirical evaluation of
modern learning methods would be useful.

Learning algorithms are now used in many domains,
and different performancemetrics are appropriate for
each domain. For example Precision/Recall measures
are used in information retrieval; medicine prefers
ROC area; Lift is appropriate for some marketing
tasks, etc. The different performancemetrics measure
different tradeoffs in the predictions made by a clas-
siÞer, and it is possible for learning methods to per-
form well on one metric, but be suboptimal on other
metrics. Becauseof this it is important to evaluate
algorithms on a broad set of performancemetrics.

App earing in Proceedings of the 23 r d International Con-
ference on Machine Learning, Pittsburgh, PA, 2006. Copy-
right 2006 by the author(s)/o wner(s).

This paper presents results of a large-scaleempirical
comparison of ten supervised learning algorithms us-
ing eight performancecriteria. Weevaluate the perfor-
manceof SVMs, neural nets, logistic regression,naive
bayes, memory-basedlearning, random forests, deci-
sion trees, bagged trees, boosted trees, and boosted
stumps on eleven binary classiÞcationproblems using
a variety of performance metrics: accuracy, F-score,
Lift, ROC Area, average precision, precision/recall
break-even point, squared error, and cross-entropy.
For each algorithm we examine common variations,
and thoroughly explore the spaceof parameters. For
example, we compare ten decision tree styles, neural
nets of many sizes,SVMs with many kernels,etc.

Becausesomeof the performancemetrics we examine
interpret model predictions as probabilities and mod-
elssuch asSVMs are not designedto predict probabil-
ities, we compare the performance of each algorithm
both before and after calibrating its predictions with
Platt Scaling and Isotonic Regression.

The empirical results are surprising. To preview: prior
to calibration, baggedtrees, random forests, and neu-
ral nets give the best averageperformance acrossall
eight metrics and eleven test problems. Boosted trees,
however, are best if we restrict attention to the six
metrics that do not require probabilities. After cal-
ibration with PlattÕsMethod, boosted trees predict
better probabilities than all other methods and move
into Þrst placeoverall. Neural nets, on the other hand,
are so well calibrated to begin with that they are hurt
slightly by calibration. After calibration with PlattÕs
Method or Isotonic Regression,SVMs perform compa-
rably to neural netsand nearly aswell asboostedtrees,
random forests and baggedtrees. Boosting full deci-
sion trees dramatically outperforms boosting weaker
stumps on most problems. On average,memory-based
learning, boostedstumps, singledecisiontrees, logistic
regression,and naive bayes are not competitiv e with
the best methods. Thesegeneralizations,however, do
not always hold. For example, boosted stumps and
logistic regression,which perform poorly on average,
are the best modelsfor somemetrics on two of the test
problems.
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Table 3. Normalized scoresof each learning algorithm by problem (averaged over eight metrics)

model cal co vt adul t l tr.p1 l tr.p2 medis sla c hs mg calhous cod bact mean

bst-dt pl t .938 .857 .959 .976 .700 .869 .933 .855 .974 .915 .878* .896*
rf pl t .876 .930 .897 .941 .810 .907* .884 .883 .937 .903* .847 .892
bag-dt Ð .878 .944* .883 .911 .762 .898* .856 .898 .948 .856 .926 .887*
bst-dt iso .922* .865 .901* .969 .692* .878 .927 .845 .965 .912* .861 .885*
rf Ð .876 .946* .883 .922 .785 .912* .871 .891* .941 .874 .824 .884
bag-dt pl t .873 .931 .877 .920 .752 .885 .863 .884 .944 .865 .912* .882
rf iso .865 .934 .851 .935 .767* .920 .877 .876 .933 .897* .821 .880
bag-dt iso .867 .933 .840 .915 .749 .897 .856 .884 .940 .859 .907* .877
svm pl t .765 .886 .936 .962 .733 .866 .913* .816 .897 .900* .807 .862
ann Ð .764 .884 .913 .901 .791* .881 .932* .859 .923 .667 .882 .854
svm iso .758 .882 .899 .954 .693* .878 .907 .827 .897 .900* .778 .852
ann pl t .766 .872 .898 .894 .775 .871 .929* .846 .919 .665 .871 .846
ann iso .767 .882 .821 .891 .785* .895 .926* .841 .915 .672 .862 .842
bst-dt Ð .874 .842 .875 .913 .523 .807 .860 .785 .933 .835 .858 .828
knn pl t .819 .785 .920 .937 .626 .777 .803 .844 .827 .774 .855 .815
knn Ð .807 .780 .912 .936 .598 .800 .801 .853 .827 .748 .852 .810
knn iso .814 .784 .879 .935 .633 .791 .794 .832 .824 .777 .833 .809
bst-stmp pl t .644 .949 .767 .688 .723 .806 .800 .862 .923 .622 .915* .791
svm Ð .696 .819 .731 .860 .600 .859 .788 .776 .833 .864 .763 .781
bst-stmp iso .639 .941 .700 .681 .711 .807 .793 .862 .912 .632 .902* .780
bst-stmp Ð .605 .865 .540 .615 .624 .779 .683 .799 .817 .581 .906* .710
dt iso .671 .869 .729 .760 .424 .777 .622 .815 .832 .415 .884 .709
dt Ð .652 .872 .723 .763 .449 .769 .609 .829 .831 .389 .899* .708
dt pl t .661 .863 .734 .756 .416 .779 .607 .822 .826 .407 .890* .706
lr Ð .625 .886 .195 .448 .777* .852 .675 .849 .838 .647 .905* .700
lr iso .616 .881 .229 .440 .763* .834 .659 .827 .833 .636 .889* .692
lr pl t .610 .870 .185 .446 .738 .835 .667 .823 .832 .633 .895 .685
nb iso .574 .904 .674 .557 .709 .724 .205 .687 .758 .633 .770 .654
nb pl t .572 .892 .648 .561 .694 .732 .213 .690 .755 .632 .756 .650
nb Ð .552 .843 .534 .556 .011 .714 -.654 .655 .759 .636 .688 .481

than boosting stumps only on seven problems. Occa-
sionally boosted stumps perform very well, but some-
times they perform very poorly so their average per-
formance is low. On ADULT, when boosting trees, the
first iteration of boosting hurts the performance of all
tree types, and never recovers in subsequent rounds.
When this happens even single decision trees outper-
form their boosted counterparts. Bagged trees and
random forests, however, consistently outperform sin-
gle trees on all problems. Bagging and random forests
are “safer” than boosting, even on the metrics for
which boosting yields the best overall performance.

5. Bootstrap Analysis

The results depend on the choice of problems and met-
rics. What impact might selecting other problems, or
evaluating performance on other metrics, have on the
results? For example, neural nets perform well on all
metrics on 10 of 11 problems, but perform poorly on
COD. If we hadn’t included the COD problem, neural
nets would move up 1-2 places in the rankings.

To help evaluate the impact of the choice of problems
and metrics we performed a bootstrap analysis. We
randomly select a bootstrap sample (sampling with
replacement) from the original 11 problems. For this
sample of problems we then randomly select a boot-
strap sample of 8 metrics from the original 8 metrics
(again sampling with replacement). For this bootstrap
sample of problems and metrics we rank the ten algo-
rithms by mean performance across the sampled prob-
lems and metrics (and the 5 folds). This bootstrap
sampling is repeated 1000 times, yielding 1000 poten-
tially di! erent rankings of the learning methods.

Table 4 shows the frequency that each method ranks
1st, 2nd, 3rd, etc. The 0.228 entry for boosted trees
in the column for 2nd place, tells us that there is a
22.8% chance that boosted decision trees would have
placed 2nd in the table of results (instead of 1st) had
we selected other problems and/or metrics.

The bootstrap analysis complements the t-tests in Ta-
bles 2 and 3. The results suggest that if we had se-
lected other problems/metrics, there is a 58% chance
that boosted decision trees would still have ranked 1st
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Table 2. Normalized scoresfor each learning algorithm by metric (averageover eleven problems)

model cal acc fsc lft roc apr bep rms mxe mean opt-sel

bst-dt plt .843* .779 .939 .963 .938 .929* .880 .896 .896 .917
rf plt .872* .805 .934* .957 .931 .930 .851 .858 .892 .898
bag-dt – .846 .781 .938* .962* .937* .918 .845 .872 .887* .899
bst-dt iso .826* .860* .929* .952 .921 .925* .854 .815 .885 .917*
rf – .872 .790 .934* .957 .931 .930 .829 .830 .884 .890
bag-dt plt .841 .774 .938* .962* .937* .918 .836 .852 .882 .895
rf iso .861* .861 .923 .946 .910 .925 .836 .776 .880 .895
bag-dt iso .826 .843* .933* .954 .921 .915 .832 .791 .877 .894
svm plt .824 .760 .895 .938 .898 .913 .831 .836 .862 .880
ann – .803 .762 .910 .936 .892 .899 .811 .821 .854 .885
svm iso .813 .836* .892 .925 .882 .911 .814 .744 .852 .882
ann plt .815 .748 .910 .936 .892 .899 .783 .785 .846 .875
ann iso .803 .836 .908 .924 .876 .891 .777 .718 .842 .884
bst-dt – .834* .816 .939 .963 .938 .929* .598 .605 .828 .851
knn plt .757 .707 .889 .918 .872 .872 .742 .764 .815 .837
knn – .756 .728 .889 .918 .872 .872 .729 .718 .810 .830
knn iso .755 .758 .882 .907 .854 .869 .738 .706 .809 .844
bst-stmp plt .724 .651 .876 .908 .853 .845 .716 .754 .791 .808
svm – .817 .804 .895 .938 .899 .913 .514 .467 .781 .810
bst-stmp iso .709 .744 .873 .899 .835 .840 .695 .646 .780 .810
bst-stmp – .741 .684 .876 .908 .853 .845 .394 .382 .710 .726
dt iso .648 .654 .818 .838 .756 .778 .590 .589 .709 .774
dt – .647 .639 .824 .843 .762 .777 .562 .607 .708 .763
dt plt .651 .618 .824 .843 .762 .777 .575 .594 .706 .761
lr – .636 .545 .823 .852 .743 .734 .620 .645 .700 .710
lr iso .627 .567 .818 .847 .735 .742 .608 .589 .692 .703
lr plt .630 .500 .823 .852 .743 .734 .593 .604 .685 .695
nb iso .579 .468 .779 .820 .727 .733 .572 .555 .654 .661
nb plt .576 .448 .780 .824 .738 .735 .537 .559 .650 .654
nb – .496 .562 .781 .825 .738 .735 .347 -.633 .481 .489

cheating column (OPT-SEL) tend to be higher than
the meannormalized scoreswhen selectionis doneus-
ing 1k validation sets becausemodel selection using
the validation sets does not always select the model
with the best performanceon the Þnal test set.

Comparing the MEAN and OPT-SEL columns, selec-
tion using 1k validation sets yields on averageabout
0.023 decreasein normalized score compared to op-
timal selection. As expected, high variance models
have the biggest drop in performance. Neural nets,
for example, which have relatively high variance, lose
substantial performance when selecting models with
1k validation sets,while other models such as random
forests,which have small variance, losevery little per-
formance when selection is done using 1k validation
sets. SVMÕshavevariancebetweenRF and ANNs, and
thus losemore than RF, but lessthan ANN. Boosted
treesalsohave relatively high variance,but their over-
all performance after PLT or ISO calibration is so
strong that they remain the best model overall even
when selection is done using 1k validation sets.

4. Performances by Problem

Table 3 shows the normalized scorefor each algorithm
on each of the 11 test problems. Each entry is an
average over the eight performance metrics and Þve
trials when selection is done using 1k validation sets.

As the No Free Lunch Theorem suggests,there is no
universally best learning algorithm. Even the best
models (calibrated boosted trees, random forests and
baggedtrees) perform poorly on someproblems, and
models that have poor average performance perform
well on a few problems or metrics. For example, the
bestmodelson ADULT arecalibrated boostedstumps,
random forests and baggedtrees. Boosted trees per-
form much worse. Bagged trees and random forests
alsoperform very well on MG and SLAC. On MEDIS,
the best modelsare random forests,neural nets and lo-
gistic regression. The only models that never exhibit
excellent performanceon any problem are naive bayes
and memory-basedlearning.

Boosting full decision trees yields better performance


