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1 Problem definition

Consider the problem of matching a set of individuals X to a set of items Y where each individual
has a weight and a personal preferences over the items. The objective is to construct a matching
M that is stable in the sense that there is no matching M’ such that the weighted majority vote
will choose M’ over M.

More formally, we are given a bipartite graph (X, Y, F), a weight w(z) € RT for each individual
x € X, and a rank function r : E — {1,...,|Y|} encoding the individual preferences. For every
applicant = and items y1,y2 € Y we say applicant = prefers y; over ys if r(x,y1) < r(z,y2), and
z is indifferent between y; and yo if 7(x,y1) = r(x,y2). The preference lists are said to be strictly
ordered if applicants are never indifferent between two items, otherwise the preference lists are said
to contain ties.

Let M and M’ be two matchings. An applicant x prefers M over M’ if x prefers the item
he/she gets in M over the item he/she gets in M’. A matching M is more popular than M’ if the
applicants that prefer M over M’ outweigh those that prefer M’ over M. Finally, a matching M
is weighted popular if there is no matching M’ more popular than M.

In the weighted popular matching problem we must determine if a given instance admits a
popular matching, and if so, to produce one. In the mazimum weighted popular matching problem
we must find a popular matching of maximum cardinality, provided one exists.

Abraham et al. [2] gave the first polynomial time algorithms for the special case of these problems
where the weights are uniform. Later, Mestre [8] introduced the weighted variant and developed
polynomial time algorithms for it.

2 Key results

Theorem 1. The weighted popular matching and mazimum weighted popular matching problems
on instances with strictly-ordered preferences can be solved in O(|X| + |E|) time.

Theorem 2. The weighted popular matching and mazimum weighted popular matching problems
on instances with arbitrary preferences can be solved O(min{k+/|X|,|X|} E|) time.

Both results rely on an alternative easy-to-compute characterization of weighted popular match-
ings called well-formed matchings. It can be shown that every popular matching is well-formed.
While in unweighted instances every well-formed matching is popular [2], in weighted instances
there may be well-formed matchings that are not popular. These non-popular well-formed match-
ings can be weeded out by pruning certain bad edges that cannot be part of any popular matching.
In other words, the instance can be pruned so that a matching is popular if and only if it is
well-formed and is contained in the pruned instance [8].



3

Applications

Many real-life problems can be modeled using one-sided preferences. For example, the assignment
of graduates to training positions [5], families to government-subsidized housing [10], students to
projects [9] and Internet rental markets [1] such as Netflix where subscribers are assigned DVDs.

Furthermore, the weighted framework allows us to model the naturally-occurring situation in

which some subset of users has priority over the rest. For example, an Internet rental site may offer
a “premium” subscription plan and promise priority over “regular” subscribers.
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