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Abstract— Memoryless online routing (MOR) algorithms are 
important for the applications with only local information 
available to make routing decisions. This paper gives two new 
MOR algorithms for a class of geometric graphs called 
Delaunay triangulations (DTs): the Midpoint Routing 
algorithm and the Compass Midpoint algorithm. More 
meaningfully, the former is generalized into a set of MOR 
algorithms that use the Euclidean distance as the reference and 
work for DTs, and the latter is generalized into a set of MOR 
algorithms that use the direction as the reference and work for 
DTs. Many other existing MOR algorithms can also be covered 
by these two sets. Finally, the two new algorithms are 
evaluated and compared with other existing MOR algorithms, 
and the experimental results give new findings on the 
performances of these algorithms in average and general cases. 

Keywords— geometric graph; shortest paths; Delaunay 
triangulations; memoryless online routing. 

I.  INTRODUCTION 
In many application scenarios such as communication 

networks, transportation planning, and robotics, it often 
occurs that a packet/vehicle/robot only has local information 
available to find out its routes. Routing algorithms designed 
for such scenarios are called online routing algorithms [1]. 
To be specific, this paper considers online routing in the 
same settings as described in [1]: 

• The environment is modeled by a geometric graph G(V, 
E), where V is the set of nodes with known (x, y) 
coordinates and E is the set of straight line links 
connecting the nodes. 

• When a packet travels from a source node s to a 
destination node t, it can remember the coordinates of s 
and t, and at each node v being visited, can learn the 
coordinates of the nodes ∈ N(v), where N(v) denotes the 
set of v’s neighbors. 

Also, if an online routing algorithm A can route a packet 
from any source s to any destination t in G, A is said to work 
for G. If at each node v traversed by a packet, A makes the 
routing decision for this packet only according to the 
coordinates of v, t, and the nodes ∈ N(v), A is said to be 
memoryless (or oblivious) [2], meaning that a packet 
remembers no information learned during the traversal of a 

graph. Because the memoryless online routing (MOR) 
algorithms have low complexity in both space and time, they 
are efficient; and because they only use local information to 
make routing decisions, they are also scalable. Therefore, the 
MOR algorithms have received extensive attentions until 
now [1-3]. 

For a source/destination pair (s, t) in G, we define the 
deviation ratio of (s, t) by A as the length of the path found 
by A from s to t versus the length of the shortest path from s 
to t in G. Moreover, for a graph G, we define the deviation 
ratio of G by A as the average deviation ratio of all (s, t) 
pairs in G. In practice, the path length generally has two 
metrics: link distance (the number of links in this path) and 
Euclidean distance (the sum of the Euclidean distances of all 
links in this path). Corresponding to the metric used for the 
path length, we obtain two types of deviation ratios called 
the link deviation ratio and the Euclidean deviation ratio. In 
this paper, we evaluate the performance of a routing 
algorithm on a graph by measuring these two types of 
deviation ratios. Note that the deviation ratio of a graph G 
defined here concerns the average performance of a routing 
algorithm on G, thus it is different from the competitive 
concept defined in [2], which concerns the upper bound of 
all path deviation ratios by a routing algorithm on a graph. 
Also, the deviation ratio concept is different from the 
dilation concept in [4] and the stretch factor concept in [5], 
both of which are defined to measure the path quality of a 
subgraph G' with respect to a graph G, and hence are not 
intended for evaluating routing algorithms.  

A Delaunay triangulation (DT) is a triangulation graph in 
which no node lies in the interior of the circumcircle of any 
of its triangles [6]. DTs have been widely used to model the 
network topologies [5, 7-10]. Some of the DTs’ notable 
properties desired by routing are as follows: 

• Let n denotes the number of nodes, e the number of 
edges, k the number of convex hull edges, e = 3n – 3 – k 
holds for any triangulation graph [11]. Therefore, the 
total number of links in a DT is less than 3n and the 
average node degree is less than 6, thus simplifying the 
operation of routing. 

• In a DT, the Euclidean length of the shortest path 
between any two nodes u and v is no more than C times 
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the Euclidean distance between u and v, where C is 
proved to be between 1.5846 and 2.42 so far [12-13]. As 
an aside, determining C exactly is one of the most 
challenging problems in computational geometry. 

• DTs are planar graphs. 
In view of the above, this paper particularly focuses on the 

MOR algorithms for DTs. Our contributions mainly include 
the following: 

• Two new MOR algorithms, termed the Midpoint Routing 
algorithm and the Compass Midpoint algorithm, are 
presented and proved to work for DTs. 

• More meaningfully, each of the two new algorithms is 
generalized to a set of algorithms that work for DTs. 

• The new algorithms are compared with existing MOR 
algorithms by experiments on DTs of random node 
placements. Different from the worst-case perspective of 
most others’ work, our experimental results reveal 
notable knowledge on the performance of these 
algorithms in average and general cases.    

II. RELATED WORK 
In the literature, three well-known MOR algorithms are 

proved to work for DTs: (1) the Compass Routing algorithm 
[3], (2) the Greedy Routing algorithm [1], and (3) the Greedy 
Compass algorithm [2]. As to be described below, they are 
all characterized by simplicity. Hereafter in this paper, we 
will use t to denote the destination node of a packet P, v to 
denote the current processing node of P, d(a, b) to denote the 
Euclidean distance between node a and node b, and avb∠  to 
denote the angle (≤180°) formed by the link va and the link 
vb. 

     In Compass Routing, the node v always moves P to the 
node w ∈ N(v) that minimizes the angle tvw∠ .  

     In Greedy Routing, the node v always moves P to the 
node w ∈ N(v) that minimizes d(w, t).  

     In Greedy Compass, the node v first decides the two 
nodes cw(v) and ccw(v), where cw(v) denotes the node w that 
has the smallest tvw∠  clockwise from the line vt, and 
ccw(v) denotes the node w that has the smallest tvw∠  
counterclockwise from the line vt; then P is moved to one of 
cw(v) and ccw(v), whichever has a smaller Euclidean 
distance to t. As an aside, it is proved in [2] that in addition 
to DTs, the Greedy Compass algorithm actually works for 
arbitrary triangulations.  

      

Figure 1. An example scenario for the three MOR algorithms 

To illustrate these three MOR algorithms, Figure 1 gives 
an example network scenario in which Compass Routing 
moves P to a, Greedy Routing moves P to b, and Greedy 
Compass moves P to c.  

In the evaluation section, we will compare our presented 
two algorithms with these three MOR algorithms in terms of 
link and Euclidean deviation ratios, and show that each of 
these five algorithms has its merits and demerits. 
Furthermore, we will show that all these five algorithms 
achieve low link and Euclidean deviation ratios in general 
case DTs, so they are practical for applications. As to the 
worst case performance, it is proved in [2] that no upper 
bound of link deviation ratios exists for the MOR algorithms 
in DTs, and no upper bound of Euclidean deviation ratios 
exists for the MOR algorithms in all triangulations. 
Fortunately, those worst case graphs given in [2] are 
manually constructed and almost impossible to appear in 
practice, so they will not affect the practicality of applying 
these MOR algorithms to DTs. 

III. THE MIDPOINT ROUTING ALGORITHM AND ITS 
GENERALIZATION  

Instead of minimizing the Euclidean distance to t as in 
the Greedy Routing algorithm, the Midpoint Routing 
algorithm tries to minimize the Euclidean distance to m, 
where m is the midpoint between the current processing node 
v and the destination t. The practical meaning of this 
algorithm is that, if a traveler only aims to reach the midpoint 
in each move toward the destination, he/she can still reach 
the destination in the end if he/she moves on a Delaunay 
triangulation. 

The details of this algorithm are described in Figure 2, 
where next(v) is used to denote the next-hop node decided at 
node v, and this notation is followed hereafter. 

     

Figure 2. The Midpoint Routing algorithm 

For the Midpoint Routing algorithm, we have the 
following theorem. 

Theorem 1: The Midpoint Routing algorithm works for DTs. 

Proof: We prove this theorem by showing that in each 
routing step[3] a packet gets strictly closer to t. This proof 
also exploits that a DT is the dual graph of a Voronoi 
diagram. 

v

c 

t

b

a

ccw(v) 

cw(v) 

1  calculate the coordinates of midpoint m of vt; 
2  for each w ∈N(v) {  
       // check whether t is a neighbor of v 
3     if ( w is the same node as t ) { 
4         next(v) is set to w; 
5         return; 
6     } 
7     update next(v)  to w if w has a smaller d(w, m); 
8  } 
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Figure 3. The proof of Theorem 1 

    Figure 3 depicts an example scenario for the Midpoint 
Routing algorithm. In this figure, draw the line segment vt, 
which will intersect with one of the Voronoi edges of the 
Voronoi region of v. Denote this intersection point i, and 
denote v’s neighbor corresponding to the intersected Voronoi 
edge w. Since i lies in the Voronoi region of v, we have d(i, 
v) <= d(i, t), so i must lie within the line segment vm, where 
m is the midpoint of the line segment vt. Consider the disk D 
with m as the center and mv as the radius, and assume the ray 
vw intersects the boundary of D at point a. Draw the 
supporting line segment ma. Since wit∠ = amt∠  
=2 wvi∠ , viwΔ  and vmaΔ are similar triangles. Because 
we have already established that d(v, i) <= d(v, m), we have 
d(v, w) <= d(v, a). Thus, w must lie within the line segment 
va, and hence in the disk D. Note a special case is that w will 
lie on the boundary of D if i coincides with m. Because in the 
Midpoint Routing algorithm, v chooses its neighbor u that 
minimizes d(u, m) as the next hop, and because we have 
shown that v at least has one neighbor w lying in the disk D, 
u must lie in the disk D too, which guarantees that u is 
strictly closer to t than v.         

According to the above proof, if we omit the ‘if’ statement 
in the algorithm description in Figure 2, Theorem 1 holds as 
well. The negative effect of this omission is just that in some 
cases as illustrated in Figure 4, because the processing node 
v sees that d(w, m) is less than d(t, m), a packet will traverse 
one more link vw, and then reach t via wt, instead of directly 
reaching t via vt. 

       
Figure 4. Why the ‘if’ statement is needed 

  
Furthermore, we can prove the following corollary based 

on the proof for Theorem 1. Basically, this corollary states 

that there is a set of MOR algorithms working for DTs by 
minimizing the distance to an arbitrary point p on the line 
segment mt. It is worth noting that both the Midpoint 
Routing algorithm and the Greedy Routing algorithm are 
special cases of this set of MOR algorithms. 

Corollary 1: Replace the midpoint m with any point p in the 
line segment mt in the Midpoint Routing algorithm, the 
newly obtained algorithm works for DTs. 

Proof: We prove this corollary also by showing that the 
algorithm referencing any p on mt moves a packet strictly 
closer to t in each routing step. 

• •

•

 

Figure 5. The proof of corollary 1 

In Figure 5, Dm is the disk with m as the center and vm as 
the radius, and Dp is the disk with p as the center and vp as 
the radius. As proved previously, v must at least have one 
neighbor w lying in Dm. Since Dm is strictly inside Dp except 
the point v, w must lie in Dp. Thus, the next hop node u 
selected by the algorithm referencing p also lies in Dp. Since 
Dp is inside the disk Dt with t as the center and vt as the 
radius (due to the space limit, the drawing of Dt is omitted in 
Figure 5), u must strictly lie in Dt, thus being strictly closer 
to t than v.     

IV. THE COMPASS MIDPOINT ALGORITHM AND ITS 
GENERALIZATION 

In this section, we first present a set of algorithms called 
the Deterministic Compass algorithms, and prove that they 
work for DTs. Then, we present the Compass Midpoint 
algorithm, which is a special case of the Deterministic 
Compass algorithms, thus its working for DT follows. 

Bearing a similar structure with the Greedy Compass 
algorithm, the set of Deterministic Compass algorithms work 
as follows: the processing node v first decides the two nodes 
cw(v) and ccw(v), and then selects one of them as next(v) 
using a deterministic rule. The details of this set of 

v

w

t
mi

D

a

v

w 

t

u

m



 4

algorithms are described in Figure 6. Note that the ‘if’ 
statement in line 1 means that when a node v happens to 
have a neighbor w lying on the line segment vt, both cw(v) 
and ccw(v) are taken to be w, and hence next(v) is directly set 
to w. And the deterministic rule in line 5 can be any rule that 
always selects the same node in the same situation. For 
example, this deterministic rule can be always selecting the 
cw(v). More meaningfully, if this deterministic rule is to 
select one of the cw(v) and ccw(v) that has a smaller angle to 
t, we get the Compass Routing algorithm; and if this 
deterministic rule is to select one of the cw(v) and ccw(v) that 
has a smaller distance to t, we get the Greedy Compass 
algorithm. Note that for these two examples, we assume that 
the ties are also broken by a deterministic rule. 

 

Figure 6. The set of Deterministic Compass algorithms 

As a note, if a fully random rule is used in line 5 to 
replace the deterministic rule, we get the Randomized 
Compass algorithm, which is more capable and proved in [1] 
to work for arbitrary triangulations. Unfortunately, the set of 
Deterministic Compass algorithms can not work for arbitrary 
triangulations, since Ref. [3] gives a counter-example 
triangulation in which the Compass Routing algorithm fails, 
while the Compass Routing algorithm is a special case of the 
Deterministic Compass algorithms.  

Next, we first prove two lemmas, and then prove a 
theorem and a corollary stating that the set of Deterministic 
Compass algorithms work for the regular triangulations, and 
especially for the DTs. Note that a triangulation is regular, if 
it can be obtained by vertically projecting the faces of the 
lower convex hull of a 3-dimension polytope onto the plane 
[14]. Also note that the proof techniques here follow those 
used in [1] to prove that the Compass Routing algorithm 
works for DTs. 

Lemma 1: For a source/destination pair (s, t) in a 
triangulation graph T, if a Deterministic Compass algorithm 
cannot route a packet P from s to t, P must be trapped in a 
cycle, and the link distance of this cycle is larger than two. 

Proof: Since a Deterministic Compass algorithm makes the 
same routing decision at the same node each time, and there 
is limited number of nodes in T, a packet P must be trapped 
in a cycle if it never gets to t. 

        
Figure 7. Proof of Lemma 1 

 
   We now prove that the link distance of this cycle is larger 
than two. In other words, there does not exist a link uv in T, 
such that next(u) = v and next(v)=u for a Deterministic 
Compass algorithm. Suppose there exists such a link uv. We 
depict the scenario for it in Figure 7. Since T is connected 
and is a triangulation, u and v must have a common neighbor 
w located in the one of the three regions I, II, or III, and u, v, 
w forms a triangle. If w is located in region I, next(v) cannot 
be u. If w is located in region II, next(v) cannot be u and 
next(u) cannot be v. Similarly, if w is located in region III, 
next(u) cannot be v. No matter which region w lies in, 
contradiction occurs, so such a link uv cannot exist.   

With Lemma 1, we know that if a Deterministic Compass 
algorithm does not work for a triangulation T, there must 
exist a trapping cycle with link distance larger than two for a 
certain (s, t) pair in T. Next, Lemma 2 gives a visibility 
property of such trapping cycles in terms of the obscure 
concept, which is defined as follows [1]. Let AΔ  and BΔ  be 
two triangles in T. AΔ is said to obscure BΔ  with respect to 
a viewpoint z on the same plane, if there exists a ray from z 
reaching any point in AΔ  first and then any point in BΔ .  

Let u and v be any two nodes in T such that next(u) = v 
by a Deterministic Compass algorithm for a destination t. 
Define vuΔ  as the triangle in T that lies in the half-plane 
bounded by the line through uv and containing t. Then we 
have the following Lemma on the visibility of vuΔ s in a 
trapping cycle. 

Lemma 2: If a Deterministic Compass algorithm is trapped 
in a cycle v0 v1 v2… vk-1v0  for a source/destination pair (s, t) 
in a triangulation T, 

1+Δ iivv  is either identical to 
ii vv 1−Δ or 

obscures 
ii vv 1−Δ with respect to the viewpoint t. ( ki <≤0 , 

and all subscripts are the results of mod k). 

Proof: If 
1+Δ iivv is identical to 

ii vv 1−Δ , nothing needs to be 

proved here. If 
1+Δ iivv is not identical to 

ii vv 1−Δ ,  we need 

to prove that 
1+Δ iivv obscures 

ii vv 1−Δ .   

 

u

t

v

I

II 
III

w

1  if (v has a neighbor w lying on the segment vt ) 
2      next(v) is set to w;  
3  else { 
4      decides the two nodes cw(v) and ccw(v); 
5      next(v) is set to one of them with a deterministic rule;  
6  } 
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Figure 8. The proof of Lemma 2 

 

In Figure 8, let w be the third node of 
1+Δ iivv , then w 

can only lie in the regions I, II, or III separated by the ray vi 
vi-1 and the ray vi+1t. If w is in region I, there will be crossing 
links in T, contradicting to the planarity of T. Note that we 
assume vi-1 is located in the upper half plane here; otherwise, 
there are only regions II and III, and this proof step can be 
omitted. If w is in region III, next(vi) cannot be vi+1. So w 
can only lie in region II. In this case, the ray from t to vi 
reaches the link vi+1w first and then reaches vi, a point in 

ii vv 1−Δ . Therefore, 
1+Δ iivv obscures 

ii vv 1−Δ .      

•

 
Figure 9. An example of the trapping cycles 

 
To visualize the visibility property of the trapping cycles, 

Figure 9 shows a triangulation in which the Compass 
Routing algorithm falls into the cycle v0 v1 v2…v9v0 
(depicted in bold). In this example, with the dotted 
supporting line tv0, it is easy to see that 

10vvΔ  obscures 

09vvΔ , 
21vvΔ obscures 

10vvΔ , and so on. 

Given the above two lemmas, we are ready to prove the 
following theorem. 

Theorem 2: Any Deterministic Compass algorithm works 
for regular triangulations. 

Proof: In [15], Edelsbrunner proved that if a triangulation T 
is a regular triangulation, T has no set of triangles that can 
form an obscuring cycle with respect to any viewpoint in T. 
Given Lemma 1 and Lemma 2, if a Deterministic Compass 
algorithm does not work for T, there must exist a set of 
triangles forming an obscuring cycle, thus causing 
contradictions. Therefore, this theorem holds.       

    Since a DT is the projection onto the plane of the lower 
convex hull of a set of points that all lie on a paraboloid, a 
DT is a special case of the regular triangulations [6]. Thus, 
the following corollary holds. 

Corollary 2: Any Deterministic Compass algorithm works 
for DTs. 

We now describe the Compass Midpoint algorithm. It is 
obtained by simply setting the deterministic rule at line 5 in 
Figure 6 to the following: select the cw(v) and ccw(v) 
whichever has a smaller Euclidean distance to m, where m is 
the midpoint of the line segment vt. Since the Compass 
Midpoint algorithm belongs to the Deterministic Compass 
algorithms, we have the following corollary. 

Corollary 3: The Compass Midpoint algorithm works for the 
regular triangulations, especially the DTs. 

V. EVALUATION 
In this section, we evaluate and compare the following 

five MOR algorithms: (1) Compass Routing, (2) Greedy 
Routing, (3) Greedy Compass, (4) Midpoint Routing, and (5) 
Compass Midpoint. The former three are existing MOR 
algorithms discussed in Section II, and the latter two are the 
MOR algorithms given by us. Hereafter, they are abbreviated 
as ComRtg, GdyRtg, ComGdy, MidRtg, and ComMid for 
convenience. 

 
Figure 10. An example DT of 100 nodes 

 

vi+1 

I III

w t

vi-1 II 

vi 
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We develop a computer program that implements the 
above five MOR algorithms on geometric graphs and 
calculates their link deviation ratios and Euclidean deviation 
ratios. With this program, we totally conduct experiments on 
1000 DTs of 100 nodes. For each DT, the positions of its 100 
nodes are randomly generated with a uniform distribution in 
a square area, and then the DT is built on these nodes by the 
open source software Triangle [16]. Figure 10 shows an 
example DT of 100 nodes used in our experiments. In our 
experiment on a DT, we run our computer program and 
obtain the link deviation ratios and Euclidean deviation ratios 
by the five MOR algorithms on this DT. At last, we calculate 
the average and 99th percentile results from the experiments 
on these 1000 DTs to reflect the performances of these five 
algorithms in average and general cases. 
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Figure 11. The average and 99th percentile link deviation ratios of 

the five algorithms 
 

Figure 11 plots the average and 99th percentile link 
deviation ratios of these 1000 DTs for the five MOR 
algorithms. From this figure, we can conclude the following. 

• Both average and 99th percentile link deviation ratios of 
these five algorithms are very small (all below 1.32), so 
all of them perform well in average and general cases, 
and hence are practical for applications. 

• In terms of both average and 99th percentile link 
deviation ratios, GdyRtg performs the best, and the next 
four ones are in turn ComGdy, MidRtg, ComMid, and 
ComRtg. This reflects that minimizing the Euclidean 
distance to the destination at each routing step is very 
effective in reducing the link distances of the paths, while 
minimizing the angle to the destination is less effective.  

• The two new algorithms MidRtg and ComMid perform 
in the middle among these five algorithms.  
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Figure 12. The average and 99th percentile Euclidean deviation 

ratios of the five algorithms 
 

Figure 12 plots the average and 99th percentile Euclidean 
deviation ratios of these 1000 DTs for the five MOR 
algorithms. From this figure, we can conclude the following.  

• Both average and 99th percentile Euclidean deviation 
ratios of these five algorithms are very small (all below 
1.1), so all of them perform well in average and general 
cases, and hence are practical for applications. 

• In terms of both average and 99th percentile Euclidean 
deviation ratios, ComRtg performs the best, and the next 
four ones are in turn ComMid, MidRtg, ComGdy, and 
GdyRtg, which is exactly in the reverse order of the link 
deviation ratios. This reflects that minimizing the angle 
to the destination at each routing step is very effective in 
reducing the Euclidean distances of the paths, while 
minimizing the Euclidean distance to the destination is 
less effective. 

• The two new algorithms MidRtg and ComMid perform 
in the middle among these five algorithms. 

VI. CONCLUSIONS AND OPEN PROBLEMS 
In this paper, we presented and proved two new MOR 

algorithms that work for DTs: the Midpoint Routing 
algorithm and the Compass Midpoint algorithm. More 
significantly, we generalized the former into a set of MOR 
algorithms that use the Euclidean distance as the reference 
and work for DTs, and generalized the latter into a set of 
MOR algorithms that use the direction as the reference and 
work for DTs. Other existing MOR algorithms discussed in 
this paper can also be covered by these two sets. These two 
generalizations reflect that DTs are the class of graphs for 
which a broad range of MOR algorithms work. 

We also evaluated and compared our presented two 
algorithms with other three well-known MOR algorithms. 
Our experimental results mainly show the following. First, 
all these five algorithms can find paths with low link and 
Euclidean deviation ratios on DTs in average and general 
cases, so they are practical for applications. Second, among 
them, the Greedy Routing algorithm performs the best in 
terms of link deviation ratios on DTs, and the worst in terms 
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of Euclidean deviation ratios on DTs, while the Compass 
Routing algorithm does the reverse. This phenomenon 
implies that minimizing the Euclidean distance to the 
destination is effective in reducing the link deviation ratio on 
DTs, while minimizing the angle to the destination is 
effective in reducing the Euclidean deviation ratio on DTs. 
Third, the presented two algorithms perform in the middle 
among these five algorithms in terms of both link and 
Euclidean deviation ratios, so they are suitable for the 
applications requiring satisfactory performance in both link 
and Euclidean metrics. 

As mentioned previously, the Greedy Compass algorithm 
works for arbitrary triangulations, suggesting that combining 
the references to angles and to Euclidean distances can 
generate more capable MOR algorithms. This leads to the 
conjecture that the Compass Midpoint algorithm presented in 
this paper also works for arbitrary triangulations. Right 
now, we cannot prove or disprove this conjecture. If this 
conjecture is proved true, the Compass Midpoint algorithm 
will have more applications. 
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