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f ′(x) = 2(sin x)1 × cos x = 2 sin x cos x. Alternatively, setting u = sin x we get f(u) = u2

and
df(x)

dx
=

df(u)

du
× du

dx
= 2u × du

dx
= 2 sin x cos x.

Example

Differentiate g(z) = cos(3z2 + 2z + 1).

Solution

Again we should recognise this as a composite function, with the outside function being
cos(·) and the inside function being 3z2 + 2z + 1. By the chain rule

g′(z) = − sin(3z2 + 2z + 1) × (6z + 2) = −(6z + 2) sin(3z2 + 2z + 1).

Example

Differentiate f(t) =
et

sin t
.

Solution

By the quotient rule

f ′(t) =
et sin t − et cos t

sin2 t
=

et(sin t − cos t)

sin2 t
.

Example

Use the quotient rule or the composite function rule to find the derivatives of cotx, sec x,
and cosec x.

Solution

These functions are defined as follows:

cot x =
cos x

sin x

sec x =
1

cos x

csc x =
1

sin x
.

By the quotient rule
d cot x

dx
=

− sin2 x − cos2 x

sin2 x
=

−1

sin2 x
.

Using the composite function rule

d sec x

dx
=

d(cos x)−1

dx
= −(cos x)−2 × (− sin x) =

sin x

cos2 x
.

d csc x

dx
=

d(sin x)−1

dx
= −(sin x)−2 × cos x = − cos x

sin2 x
.

6.1.1 Exercise

Differentiate the following:

1. cos 3x 2. sin(4x + 5) 3. sin3 x 4. sin x cos x 5. x2 sin x

6. cos(x2 + 1) 7.
sin x

x
8. sin

1

x
9. tan(

√
x) 10.

1

x
sin

1

x
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7 A Brief Look at Inverse Trigonometric Functions

Before we define the inverse trigonometric functions we need to think about exactly what
we mean by a function.

A function f from a set of elements A to a set of elements B is a rule that
assigns to each element x in A exactly one element f(x) in B.

y = sin x, y = cos x and y = tan x are functions in the sense of this definition with A and
B being sets of real numbers.

Let’s look at the function y = cos x. As you can see, whatever value we choose for x,
there is only ever one accompanying value for y. For example, when x = −π

2
, y = 0.

Now lets consider the following question. Suppose we have cosx = 0.5 and we want to
find the value of x.

As you can see from the diagram above, there are (infinitely) many values of x for which
y = cos x = 0.5. Indeed, there are infinitely many solutions to the equation cosx = a
where −1 ≤ a ≤ 1. (There are no solutions if a is outside this interval.)

If we want an interval for x where there is only one solution to cosx = a for −1 ≤ a ≤ 1,
then we can choose the interval from 0 to π. We could also choose the interval π ≤ x ≤ 2π
or many others. It is a mathematical convention to choose 0 ≤ x ≤ π.



– 1

x

1–1 0

π/2

π f   (x)
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In the interval from 0 to π, we can find a unique solution to the equation cosx = a where
a is in the interval −1 ≤ a ≤ 1. We write this solution as x = cos−1 a. Another way of
saying this is that x is the number in the interval 0 ≤ x ≤ π whose cosine is a.

Now that we have found an interval of x for which there is only one solution of the equation
cos x = a where −1 ≤ a ≤ 1, we can define an inverse function for cos x.

7.1 Definition of the inverse cosine function

We will describe an inverse function for cos x where 0 ≤ x ≤ π.

For −1 ≤ x ≤ 1, f−1(x) = cos−1(x) is the number in the interval 0 to π whose
cosine is x.

So, we have:

cos−1(−1) = π since cos π = −1,

cos−1( 1√
2
) = π

4
since cos π

4
= 1√

2
,

cos−1(0) = π
2

since cos π
2

= 0,

cos−1(1) = 0 since cos 0 = 1.

Provided we take the function cos x where 0 ≤ x ≤ 1, we can define an inverse function
f−1(x) = cos−1(x). This function is defined for x in the interval −1 ≤ x ≤ 1, and is
sketched below.

Inverse functions for sin x where −π
2

≤ x ≤ π
2
, and tan x where −π

2
< x < π

2
can be defined

in a similar way.

For a more detailed discussion of inverse functions see the Mathematics Learning Centre
booklet: Functions.
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7.1.1 Exercise

1. The inverse function, f−1(x) = sin−1(x), is defined for the function f(x) = sin x where
−π
2

≤ x ≤ π
2
. Complete the following table of values.

sin−1( ) = since sin −π
2

= −1,

sin−1( ) = since sin −π
4

= − 1√
2
,

sin−1( ) = since sin 0 = 0,

sin−1( ) = since sin π
3

=
√

3
2

,

sin−1( ) = since sin π
2

= 1.

2. Sketch the function f−1(x) = sin−1(x) using the values in the previous exercise.
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8 Solutions to Exercises

Exercise 2.2.1

a. 30◦ or π
6

radians b. 1 radian or 57.3◦ c. 120◦ or 2π
3

radians

d. 3π
4

radians or 135◦ e. 2 radians or 114.6◦ f. 4π
3

radians or 240◦

g. 270◦ or 3π
2

radians h. −1 radians or −57.3◦ i. −π
2

radians or −90◦

Exercise 3.1.1

a. sin π
6

= 0.5 b. tan 1 = 1.557 c. cos π
3

= 0.5 d. tan π
4

= 1

e. sin 1.5 = 0.997 f. tan π
3

= 1.732 g. cos π
6

= 0.866 h. sin π
3

= 0.866

Exercise 4.1.1

1.

θ 0 π
12

π
6

π
4

π
3

5π
12

π
2

2π
3

3π
4

cos θ 1 0.97 0.87 0.71 0.5 0.26 0 −0.5 −0.71

θ 5π
6

π 7π
6

5π
4

4π
3

3π
2

5π
3

7π
4

2π

cos θ −0.87 −1 −0.87 −0.71 −0.5 0 0.5 0.71 1
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2.

Exercise 4.2.1

1.

θ 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

sin θ 0 0.20 0.39 0.56 0.72 0.84 0.93 0.99 1.00

θ 2 2.4 2.8 3.2 3.6 4.0 4.6 5.4 6.5

sin θ 0.91 0.68 0.33 −0.06 −0.44 −0.76 −0.99 −0.77 −0.083

2.

Exercise 4.3.1

1.

θ 0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

tan θ 0 0.20 0.42 0.68 1.03 1.56 2.57 5.80

θ 1.50 1.65 2 2.4 2.8 3.2 3.6 4.0

tan θ 14.10 −12.60 −2.19 −0.92 −0.36 0.06 0.49 1.16

θ 4.4 4.6 4.65 4.78 5.0 5.6 6.0 6.28

tan θ 3.10 8.86 16.01 −14.77 −3.38 −0.81 −0.29 −0.00
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2.

Exercise 4.4.1

1. sin 15π
2

= sin 3π
2

= −1 since 15π
2

and 3π
2

differ by 6π = 3 × 2π.

2. tan 13π
6

= tan π
6

= 1√
3
.

3. cos 15 = −0.76.

4. tan−14π
3

= tan−2π
3

= tan 4π
3

= tan π
3

=
√

3.

5. sin 23π
3

= sin 5π
3

= sin−π
3

= −
√

3
2

.

Exercise 5.1.1

1. y = 3cosx

The amplitude of this function is 3.
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2. y = 1
2
sin x

The amplitude of this function is 1
2
.

3. y = −3 cos x

The amplitude of this function is 3. Notice that it is just the graph of y = 3 cos x (in
dots) reflected in the x-axis.

Exercise 5.2.1

1. y = cos 1
2
x

This function has period 4π and amplitude 1.
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y
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2. y = 2 sin x
4

This function has period 8π and amplitude 2.

3. y = cos(−2x)

This function has period π and amplitude 1. Notice that this function looks like
y = cos 2x. The cosine function is an even function, so, cos(−2x) = cos 2x for all
values of x.

4. y = sin(−2x)

This function has period π and amplitude 1. Notice that this function is a reflection of
y = sin 2x in the x-axis. The sine function is an odd function, so, sin(−2x) = − sin 2x
for all values of x.
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5. y = 3 sin πx

This function has period 2 and amplitude 3.

6. y = −1
2
sin 2πx

This function has period 1 and amplitude 1
2
.

7. y = 4 cos πx (solid line) or y = 4 sin πx (in dashes). There are many other solutions.
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Exercise 5.3.1

1. y = sin 2x + 3

This function has amplitude 1, period π and mean level 3.

2. y = 2 cos πx − 1

This function has amplitude 2, period 2 and mean level −1.

3. y = 2 cos 2πx − 1 (solid line) or y = 2 sin 2πx − 1 (in dashes) or many others.
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Exercise 5.4.1

1. y = cos(x − π
2
)

The function y = cos x (in dots) has been shifted to the right by π
2

units. Notice that
this function looks like y = sin x.

2. y = sin 2(x + π
2
)

The period of this function is π. The function y = sin 2x (in dots) has been shifted
to the left by π

2
units.

3. y = 3 cos(x + π)

This function has period 2π and amplitude 3. The function y = 3 cos x (in dots) has
been shifted to the left by π units.
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4. y = −3 cos(x + π) + 2

This function has period 2π and amplitude 3. The function 3 cos(x+π) (see prevoius
exercise) has been reflected in the x-axis and shifted up by 2 units.

5. y = 2 sin 2x + 2 (in dashes) or y = 2 cos 2x (solid line) or many others.

Exercise 6.1.1

1.
d

dx
(cos 3x) = −3 sin 3x.

2.
d

dx
(sin(4x + 5)) = 4 cos(4x + 5).

3.
d

dx
(sin3 x) = 3 sin2 x cos x.

4.
d

dx
(sin x cos x) = sin x(− sin x) + cos x(cos x) = cos2 x − sin2 x.

5.
d

dx
(x2 sin x) = x2 cos x + 2x sin x.

6.
d

dx
(cos(x2 + 1)) = − sin(x2 + 1)(2x) = −2x sin(x2 + 1).



1.00-1 .00

-1 .00

1.00
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7.
d

dx
(
sin x

x
) =

x cos x − sin x

x2
.

8.
d

dx
(sin

1

x
) = (cos

1

x
)(−x−2) =

cos 1
x

x2
.

9.
d

dx
(tan(

√
x)) = (sec2(

√
x))(

1

2
x− 1

2 ) =
sec2

√
x

2
√

x
.

10.
d

dx
(
1

x
sin

1

x
) =

1

x
(cos

1

x
)(−x−2) + (sin

1

x
)(−x−2) = − 1

x3
(cos

1

x
+ x sin

1

x
).

Exercise 7.1.1

1. sin−1(−1) = −π
2

since sin −π
2

= −1

sin−1(− 1√
2
) = −π

4
since sin −π

4
= − 1√

2

sin−1(0) = 0 since sin 0 = 0

sin−1(
√

3
2

) = π
3

since sin π
3

=
√

3
2

sin−1(1) = π
2

since sin π
2

= 1

2. f−1(x) = sin−1(x)
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